| Applied gm{/ﬁii'tion Monitorin.,] | ‘ H

4 }

< y 4 |
/ s
» 4
/ j ' -
/ Z 4 -

ENIEREDT

I Stochastic
Modeling of
Thermal
Fatigue Crack
Growth

@ Springer



Applied Condition Monitoring

Volume 1

Series editors
Mohamed Haddar, National School of Engineers of Sfax, Tunisia
Walter Bartelmus, Wroclaw University of Technology, Poland

Fakher Chaari, National School of Engineers of Sfax, Tunisia
e-mail: fakher.chaari @gmail.com

Radoslaw Zimroz, Wroclaw University of Technology, Poland



About this Series

The book series Applied Condition Monitoring publishes the latest research and
developments in the field of condition monitoring, with a special focus on indus-
trial applications. It covers both theoretical and experimental approaches, as well
as a range of monitoring conditioning techniques and new trends and challenges in
the field. Topics of interest include, but are not limited to: vibration measurement
and analysis; infrared thermography; oil analysis and tribology; acoustic emissions
and ultrasonics; and motor current analysis. Books published in the series deal with
root cause analysis, failure and degradation scenarios, proactive and predictive tech-
niques, and many other aspects related to condition monitoring. Applications con-
cern different industrial sectors: automotive engineering, power engineering, civil
engineering, geoengineering, bioengineering, etc. The series publishes monographs,
edited books, and selected conference proceedings, as well as textbooks for ad-
vanced students.

More information about this series at http://www.springer.com/series/13418



Vasile Radu

Stochastic Modeling
of Thermal Fatigue
Crack Growth

@ Springer



Vasile Radu

Structural Integrity Assessment Subsidiary
of RATEN

Institute for Nuclear Research Pitesti

Mioveni

Romania

ISSN 2363-698X ISSN 2363-6998  (electronic)
Applied Condition Monitoring

ISBN 978-3-319-12876-4 ISBN 978-3-319-12877-1  (eBook)
DOI 10.1007/978-3-319-12877-1

Library of Congress Control Number: 2014953916

Springer Cham Heidelberg New York Dordrecht London

© Springer International Publishing Switzerland 2015

This work is subject to copyright. All rights are reserved by the Publisher, whether the whole or part of
the material is concerned, specifically the rights of translation, reprinting, reuse of illustrations, recitation,
broadcasting, reproduction on microfilms or in any other physical way, and transmission or information
storage and retrieval, electronic adaptation, computer software, or by similar or dissimilar methodology
now known or hereafter developed.

The use of general descriptive names, registered names, trademarks, service marks, etc. in this publication
does not imply, even in the absence of a specific statement, that such names are exempt from the relevant
protective laws and regulations and therefore free for general use.

The publisher, the authors and the editors are safe to assume that the advice and information in this book
are believed to be true and accurate at the date of publication. Neither the publisher nor the authors or
the editors give a warranty, express or implied, with respect to the material contained herein or for any
errors or omissions that may have been made.

Printed on acid-free paper

Springer International Publishing AG Switzerland is part of Springer Science+Business Media
(Www.springer.com)



To my parents with gratitude and love



Preface

The assessment of thermal fatigue crack growth due to turbulent mixing of hot and
cold coolants presents significant challenges, in particular, to determine the thermal
loading spectrum. Thermal striping is defined as a random temperature fluctuation
produced by incomplete mixing of fluid streams at different temperatures, and it is
essentially a random phenomenon in a temporal sense.

The book’s objective is to develop a systematic approach of stochastic modeling
to assess thermal fatigue crack growth in mixing tees, based on the power spectral
density (PSD) of temperature fluctuation at the inner pipe surface. Based on the an-
alytical solution for temperature distribution through the wall thickness, obtained
by the Hankel transform, a frequency, temperature response function is proposed,
in the framework of single-input, single-output (SISO) methodology from random
noise/signal theory under sinusoidal input. For elastic thermal stresses, developed
in a previous work, the magnitude, frequency response function is first derived for
hoop stress, and checked against prediction by FEA. The frequency response of
the stress intensity factor (SIF) is obtained by the polynomial fitting procedure of
stress profiles through the thickness at various instants of time. The variability in
load is given by the statistical properties of the thermal spectrum. The temperature
spectrum is assumed to be given as a stationary normalized Gaussian narrow-band
stochastic process, with constant PSD for a defined range of frequencies. The con-
nection between SIF’s PSD and temperature’s PSD is assured with SIF frequency
response function modulus. The frequency of peaks of any magnitude for KI, which
is supposed to be a stationary narrow-band Gaussian process, is characterized by
Rayleigh’s distribution, and, consequently, the expected value of crack growth rate
in respect to cycles is obtained.

The probabilities of failure are estimated by means of the Monte Carlo methods
by considering a limit state function, which is based on the proposed stochastic
model. The results of the stochastic approach to modeling of thermal fatigue crack
growth in mixing tees are completed with probabilistic input to account variability in
material characteristics, and finally an application is given to obtain the probability
of mixing tees piping failure as a function of the time reference period.
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The book addresses to undergraduate students, young scientists and people in-
volved in the practical application of the stochastic and probabilistic fracture me-
chanics for structural integrity assessment on industrial components.

October 2014 Vasile Radu
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Nomenclature

thermal diffusivity

temperature changes from the reference temperature
at any radial position r and at time ¢
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the radial and hoop stresses respectively

Young modulus
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coefficient of the linear thermal expansion
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Chapter 1
Introduction

The assessment of the thermal fatigue damage (crack initiation) and subsequent
crack growth due to thermal stresses from turbulent mixing or vortices in
industrial piping systems remains a demanding task, and much effort continues to
be devoted to experimental, FEA and analytical studies.

The problem of thermal fatigue in mixing areas arises in pipes where a
turbulent mixing or vortices produces rapid fluid temperature fluctuations with
random frequencies. Structures exposed to such temperature fluctuations can
suffer thermal fatigue damage and, subsequently, cracking phenomena, which can
produce through wall cracks. Thermal striping is defined as a random temperature
fluctuation produced by incomplete mixing of fluid streams at different
temperatures. It can arise in a certain light water reactor, but also in certain fast
breeder reactor structures, notably those situated above the core, because of the
large temperature differences that exist between sodium emerging from the core
sub-assemblies and from the breeder sub-assemblies. Other areas of potential
occurrence include pressurized water reactor nozzles where stratified flows are
encountered. In dry-out zones in steam generators, the fluid/steam boundary can
oscillate and induce temperature fluctuations on the component surface [1].

The results in temperature fluctuations can be local or global and induce
random variations of local temperature gradients in structural walls of pipe, which
lead to be cyclic thermal stresses. These cyclic thermal stresses are caused by
oscillations of fluid temperature, and the strain variations result in fatigue damage,
cracking and crack growth. In particular, accurate representation of the load is a
complex issue, and much effort continues to be devoted to experimental and
analytical studies in this area.

Transient temperature response inside of an infinite slab to a sinusoidal surface-
temperature input has been investigated by several researchers [2, 3, 4, 5]. For
cylindrical geometry, it was used mainly isothermal internal boundary condition
and with various types of thermal loading at the outer surface [1, 6, 7]. The
determination of the influence of such a random process on subsurface
temperatures is important in establishing the proper depth at which temperature
sensitive becomes a concern. Utilizing the method of random process theory, it is
possible to determine statistical averages such as the mean and standard deviation
of the response from the corresponding statistical description of the input process

© Springer International Publishing Switzerland 2015 1
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2 1 Introduction

provided that the governing differential equations are linear. If in addition, the
applied random process is normally distributed the output process will also be
normal. The effect of spatial incoherence in surface temperature fluctuation can be
used to calculate the mean square stresses and the mean square equivalent strain
range, that may be used as a measure of crack initiation likelihood [8]. Also, this
type of incoherence has the effect of the stress intensity factor in thermal striping.
By assuming a perfect spatially coherent, but a temporal incoherence it was
developing a method of calculating the crack propagation using linear elastic
fracture mechanics and stochastic properties of the temperature spectrum [6].

Thermal striping remains a timely subject in the structural integrity area, also
for future fast spectrum reactors [9], mainly with the objective of establishing
thermal striping limits or appropriate screening criteria.

The present book proposes an analytical approach of stochastic modeling to
assess thermal fatigue crack growth in mixing tees, based on the power spectral
density (PSD) of temperature fluctuation at the inner pipe surface. Chapter 2 is
devoted to the statistical nature of crack growth. In Chapter 3, a short review of
the methods used to apply the stochastic methodology for fatigue crack growth in
various applications is done, most of them based on the solving of Fokker-Plank
stochastic equation with Markov modeling of processes. The basic mathematical
tools used for stochastic fatigue analysis are presented, for easy handling of the
stochastic particularities connected with structural assessment of fatigue crack
growth under a thermal spectrum. The model of stochastic fatigue crack growth
due to temperature fluctuation is developed in Chapter 4, assumed to be a
normalized stationary Gaussian random process. Based on the analytical solution
for temperature distribution through the wall thickness, obtained by means of the
Hankel transform, a frequency, temperature response function is proposed, in the
framework of single-input, single-output (SISO) methodology from random
noise/signal theory under sinusoidal input. For elastic thermal stresses, developed
in a previous work, the magnitude, frequency response function is first derived for
hoop stress, and checked against prediction by FEA. The frequency response of
the stress intensity factors (SIF), which is considered for a shallow long axial
crack on the inner pipe surface, is obtained by the polynomial fitting procedure of
stress profiles at various instants of time. The variability in load is given by the
statistical properties of a thermal spectrum. The temperature spectrum is assumed
to be given as a stationary Gaussian narrow-band stochastic process, with constant
PSD for a defined range of frequencies. The connection between SIF- PSD and
temperature-PSD are assured with SIF frequency response function modulus. The
frequency of peaks of any magnitude for K;, which is supposed to be a stationary
narrow-band Gaussian process, is characterized by Rayleigh's distribution, and,
the expected value of crack growth rate in respect to cycles is obtained. To turn on
to the crack growth rate in respect to the time variable, it is necessary to introduce
the peak crossing rate, that for a harmonic Gaussian process is similar to zero up-
crossing rate. The last one is inferred with the aid of the PSD of K;,

The probabilities of failure are estimated by means of the Monte Carlo
methods. Firstly, has defined a limit state function, based on the stochastic model
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developed. The Civaux case [10] has been chosen to apply the stochastic model
from the book, in Chapter 5. The variability in statistical properties of material
parameters is usually accounted by the statistical properties of Paris law
parameters C and n. Also, the initial crack depth of flaws has a certain probability
density function, which is more related to probability of detection based on
experimental in-service inspection (ISI) results. A lognormal probability density
function of C scaling parameter and an exponential one for initial crack depth are
used to provide a probabilistic input for solving the integral giving the crack depth
as a function of time.

The results of the stochastic approach to modeling of thermal fatigue crack
growth in mixing tee, completed with probabilistic input to account variability in
material characteristics, are given as the probability of failure as a function of the
time reference period. The Civaux 1 damage case is characterized by a short time
for its development to a significant depth through the wall, which was only about
=1500 hours [10]. Metallurgical examinations revealed substantial cracks and also
some networks of small thermal fatigue cracks close to the welds, but no
fabrication defects. The probability of failure, obtained by analysis with the
proposed stochastic model is around 80%, which is a very high value in
connection with the nuclear safety management, and in agreement with value
above mentioned.

The present methodology based on the stochastic modeling of thermal fatigue
crack growth can be used to analyze and improve the screening criteria proposed
to avoid cracking issues in industrial piping, especially in tee connection where
turbulent mixing of flows with different temperature can occur.
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Chapter 2

Background on Stochastic Models
for Cumulative Damage Process

Abstract. The chapter provides a short review of the stochastic models applied for
cumulative fatigue damage in structural components. The empirical fatigue crack
growth is given by Paris's law, and it relates the increment of fatigue crack
advance, da/dN, per stress cycle to range of the stress intensity factor AK in the
framework of linear elastic fracture mechanics (LEFM). Investigation of the
randomness of fatigue crack growth rate under service, loading conditions should
consider the statistical characteristics of the crack growth law under constant
amplitude loadings, and also the randomness of loadings that gives rise to fatigue
under variable amplitude loads. Several probabilistic models for crack growth
have suggested to “randomize” the deterministic crack propagation by a stochastic
process. Few stochastic models of the cumulative fatigue damage process are
nominated in this chapter. A method of calculating crack propagation by linear
elastic fracture mechanics (LEFM) in the case of Gaussian temperature
fluctuations has been proposed by Miller, and the principal steps are outlined. The
main features of various structural assessment techniques for thermal striping and
thermal fatigue crack growth but also some matters in respect of these methods are
shortly reviewed.

2.1 Statistical Nature of the Crack Growth Process

The parameters that affect structural fatigue performance of metallic components
may include the applied stress (or loading, in general), the component geometry
and structural characteristics, the material properties and operating environment
agents. The empirical fatigue crack growth is given by Paris's law in the following
form

da

=C-(AK)". 2.1)
o = € (4K)

It relates the increment of fatigue crack advance, da/dN, per stress cycle to
range of the stress intensity factor AK in the framework of linear elastic fracture
mechanics (LEFM). Here AK is resulted from far-field nominal stress range and

© Springer International Publishing Switzerland 2015 5
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6 2 Background on Stochastic Models for Cumulative Damage Process

component geometry. The constant C and n are empirical, which depend on the
material property and the environment; n is also called the fatigue exponent. The
experimental data on fatigue crack growth are recorded as the crack size, a, versus
the number of stress cycles, N. Subsequently, the fatigue experimental data are
numerical processed as a crack growth rate da/dN versus stress intensity factor
range. Due to various sources of uncertainty, the experimental data are usually
dispersed is on the regression line. Actually, the regression line only describes the
crack growth in the median sense. Investigation of the randomness of fatigue
crack growth rate under service, loading conditions should consider the statistical
characteristics of the crack growth law under constant amplitude loadings, and
also the randomness of loadings that gives rise to fatigue under variable amplitude
loads.

Several probabilistic models for crack growth are reviewed in [1], most of them
suggested to “randomize” the deterministic crack propagation by a stochastic
process X(1):

da(t)
dt

Where: a is crack depth, AK is the stress intensity factor range, K, the
maximum stress intensity factor, R, is the stress ratio, S, is the maximum stress
level in the loading spectrum, and a (¢) is the crack size at time ¢. The suggestion is
frequently to model the process X(z) either by a lognormal stationary stochastic
process with a median value equal to unity or by a random pulse train. The
reference [2] distinguishes few stochastic models of the cumulative fatigue
damage process which are nominated in the next.

= X (1)F (a,AK. K, .R.S)- 22)

max

a) Random Variable model. This model regards parameters in the crack
growth law simply as random variables [3, 4, 5, 6, 7, 8].

b) Markov Chain Model. Bogdanoff and Kozin first proposed this
model [9] in which both state and time are handled discretely with a
lot of practical applications.

¢) Stochastic Differential Equation Model. This is a such model as to
treat the crack growth law as a stochastic differential equation by
introducing temporal fluctuations into parameters in the law [10, 11,
12, 13, 14, 15, 16].

d) Locally Averaged Model. The model is to discuss statistical
properties of whole life by summing up locally averaged lives in
order to realize the constraint condition of the constant correlation
distance [17].

e) Renewal Process Model. With the application of the stochastic point
process, this model represents the state transition in terms of non-
homogeneous Poisson processes [9].

All models involve a number of hypotheses (the distribution of time to failure,
the nature of the correlation structure of noise, etc.), which limit their
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applicability. Additionally, developments are required to enhance these
probabilistic models and to make them more generally applicable for modeling
structural fatigue stochastic.

2.2 Loading Uncertainty

The knowledge of the stress's history, stress amplitude or stress range is required
for fatigue analyses. In the first instance, the development of fatigue damage
depends on the stress ranges. In many applications, the amplitude of stress range is
usually not constant with respect to the time. Modeling the stress ranges for
purposes of fatigue reliability analysis involves two parts: definition of cycles
based on stress histories and identification of probabilistic characteristics of those
cycles.

In the case of a narrow-band process, the stress ranges history is easier to be
identified with the individual stress cycles. This is more difficult to be done in the
wide band stress process, mainly due to complexity of the frequency content of the
whole process. Some approaches were carried out to surpass this difficulty, such
as track filtering and rain-flow counting. In the first one, the stress process is
transformed into the equivalent narrow band stress process — from the damage
accumulation point of view. Therefore, the subsequent fatigue analysis can be
conducted as a narrow-band stress fatigue problem. The rain-flow counting
approach identifies the stress range from “closed stress-strain loops." This
approach is widely used in cumulative fatigue damage based on the Palmgren -
Miner's rule (or similarly). It considers that the portion of fatigue damage in the
total fatigue life contributed by a certain stress level is linearly proportional to the
fraction of the number of cycles corresponding to that stress level. Sometimes the
linearly proportionality is replaced with proportionality to the fraction at particular
power. The stochastic rain-flow counting is successfully applied to accurate
estimation of fatigue damage under broadband random loading [18,19] induced by
bimodal processes [20]. The rain-flow counting algorithm is not straightforward to
be applied in the original form to the crack growth analysis. An evaluation of the
rain-flow cycle counting method for handling probabilistic characteristics of
cycles identified should be conducted. Computationally efficient methods for
treating stress in time or cycle domains require further investigations.

2.3 Thermal Fatigue Crack Growth Modeling

A method of calculating crack propagation by linear elastic fracture mechanics
(LEFM) in the case of Gaussian temperature fluctuations has been, firstly,
proposed by Miller [6]. The successive steps in the calculation are:
- For a harmonic surface temperature variation of arbitrary frequency
calculates the temperature variation at any depth using the heat
conduction equation and the appropriate thermal boundary conditions;
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- Calculate the thermal stress at any depth using the linear elastic plate
theory and appropriate mechanical boundary conditions;

- Calculate the stress intensity factor (SIF) using LEFM integral method;
note that temperature, thermal stress and SIF vary harmonically at the
input frequency;

- From the surface, temperature power spectral density (PSD) and SIF
response function, calculate the power spectral intensity factor;

- Calculate the frequency distribution of SIF maxima;

- Using a material crack propagation law, calculate the crack propagation
rate;

- Integrate the crack propagation rate equation to determine the crack
length.

Miller also notes in his approach some assumptions and limitations to be
included:

- No account has been taken of the degree of spatial coherence;

- Large scale of plasticity has been ignored (the calculation is restricted to
LEFM);

- The statistics are assumed to be Gaussian,;

- Linear summation of damage is assumed;

- Crack initiation is not considered.

Clayton and Irvine, [21], described the main features of various structural
assessment techniques for thermal striping, but also some matters in respect of
these methods are outlined. As analysis methods, they shortly reviewed: method
based on the inlet temperature difference, methods based on periodic temperature
fluctuations (SIN-method), a method where the temperature spectra is available,
the method using Gaussian statistics (Miller approach [6]), and method where a
temperature-time traces is present. It is also noted that the thermal stripping
produces surface temperature variations which a randomly occurring both in the
temporal and spatial senses. Consequently, the size of eddies has a number of
influences on the resulting damage.

An approach similar Miller is used also in the paper [5] where the evaluation
method for crack propagation due to thermal striping is extended to simulate
multiple cracks. The work is supported by FE analysis and thermal fatigue tests.

Thermal fatigue crack growth in a fast breeder reactor is investigated in
reference [16]. This is theoretically performed with the aid of probabilistic fracture
mechanics (PFM) under conditions:

- The temperature variation is a narrow-band stationary process;
- The crack grows owing only to the peak stress variation.

First, a statistical property of residual life of the component with single crack is
derived in an analytical form with the aid of an extended Markov approximation
method, which is an efficient mathematical technique in PFM. Next, discussion is
carried out on the generalization of the primitive model to the case with plural
cracks, where a stress relaxation factor is introduced to express a stress intensity
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factor of each crack. Finally, a sensitive analysis is performed with respect to
some model parameters.

A valuable work on the fatigue crack behavior under thermal stresses is those
of Griiter and Huget [22] where is considered the envelopes of stress distribution
across the wall. The frequencies of fluid streams are considered in the thermal
stress derived for wall thickness in the conservative manner, but not in stochastic
fashion.
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Chapter 3

Basic Mathematical Tools for Stochastic Fatigue
Analysis

Abstract. In the chapter is given a short description of basic mathematical tools
from stochastic process theory, which will be used to develop the stochastic
approach of thermal fatigue crack growth in the high cycle domain. Fatigue
analysis is often performed in the time domain, in which all input loading and
output stress or strain response are time-based signals. In some situations,
however, the response stress and input loading are preferable expressed as
frequency-based signals, usually in the form of a power spectral density (PSD)
plot. In this case, a system function (or a characteristic of the structural system) is
required to relate an input PSD of loading to the output PSD of response. The Fast
Fourier Transform (FFT) of a time signal can be used to obtain the PSD of the
loading, whereas the Inverse Fourier Transform (IFT) can be used to transform the
frequency-based signal to the time-based loading. The transform of loading
history between the time domain and frequency domain is subject to certain
requirements, as per which the signal must be stationary, random, and Gaussian
(normal). Thermal striping is a random phenomenon in a temporal sense. In order
to have a better understanding of further developments in the present book, some
knowledge of stochastic processes is required.

3.1 Stochastic Processes-Ensembles of Time Series

Any system or structural component produces a specific response under certain
excitation. If the excitation or response, X (7), is not predictable, the system is in a
random state because the value of X (7) cannot be exactly predicted a priority. It
can be described only probabilistically.

A stochastic process, let say X(#) is a time-dependent family of random
variables whose possible values at any time are governed by probabilistic laws [1].
It becomes a random variable when index parameter, ¢, is fixed. The probability
density function (PDF) of a time history X(z) can be obtained by calculating its
statistical properties. With a given probability density function, fx(x), some
statistical properties of the random process X(#) can be obtained [2]. The mean, ux,
and the variance, o x» of the process can be calculated as

© Springer International Publishing Switzerland 2015 11
V. Radu, Stochastic Modeling of Thermal Fatigue Crack Growth,
Applied Condition Monitoring 1, DOI: 10.1007/978-3-319-12877-1_3
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1y fx fX(x)dx=—jX(t)dt, 3.1)

j (x=1y )’ f ()dx = j X(t)—p, | dt (3.2)

where T is the record length. When uy=0, then oy is the root mean square (RMS)
of the random process X(z). The RMS is a measure of the amplitude of the process.
The process X(t) is called Gaussian if its PDF fy(x) follows the bell-shape
distribution, and PDF is given by

1 _AP XM, (3.3)
ho maf‘{ 2 M

where uy and oy are the mean and standard deviation of the process, respectively.

A random process (or sometime called the stochastic process) may be thought
as a “sample” function of time such as X;(#) in Figure 3.1. [3] which may
represent a fluctuation of thermal stresses in mixing tees. As it can be seen, the
second component, X,(#), may undergo with similar, but not identical, stress
history. Thus, a collection of an infinite number of sample time histories, such as
Xi(t), X5(t), X;(t), etc., (Figure 3.1), makes up the random process X(z). In
engineering, the ensemble of a sufficiently large number of sample time histories
approximates the unlimited collection representing a random process.

Instead of being measured along a single sample, the ensemble statistical
properties are determined across the ensemble as shown in Figure 3.1. In this case
the amplitudes, Xj(t), of such sample functions are examined, all at the time, ¢,
and a density function, fy,;(X(t;)), may describe the statistics of the ensemble at ¢,.
The mean, variance and other moments of X(¢;) are then calculated. The density
function may also be evaluated at ¢, as can the moments of X(7,). The joint density
of amplitudes at two-time values #; and t, separated by a time interval 7=t,-¢; is
denoted as

Fapxan (X (@), X (1,)). (3.4)

For a Gaussian process, the ensemble probability density at each time instant
and at any two-time, units must be Gaussian. If the expected value of the product

X (1) X(1,)=X(t) X1, +7), (3.5)
is a function of delay time 7and not of running time ¢ as

E[x(t)-x(t,+7)]=R(7), (3.6)

then the process is called weakly stationary [1, 2, 3]. For such a process, the first-
order density function fx(x) is independent of time and all- first-order ensemble
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averages such as the mean and standard deviation, and root mean squares are time
independent. The process is strongly stationary when higher-order moments are
also independent of running time.

F 3

X (0

=
Xz,:n‘--\/\"l.l it

vy
Xs,:r)\-ﬁ"’\ /\M JuA PaitaN M\\ /’\r\_\ i

X0 r)/ ; !

Xs(r)\'q/\n M/\ A

Fig. 3.1 The collection of sample time histories from a random process

Ensemble averaging is carried out across many series at times. This procedure
has led to the definition of stationary. A time series can also be averaged along the
time axis, resulting in temporal averages. The temporal mean is given by

T/2
(X(n)= m% [ X, 3.7

-T/2

while the temporal mean square is written as
1 T/2 (3 8)
2 — i 2 . .
(o)t [ xoa

-T2

The temporal autocorrelation function is

¢(r)=;ini% j X()-X@+7)dt =(X (1) X(t+7))- (3.9)

=T/2

If all temporal averages are equal to the ensemble averages, the process is
called “ergotic." Alternatively, in other words, a stationary process is called
ergotic if the statistical properties along any single sample are the same as the
properties taken across the ensemble. This means that each sample is the same as
the properties taken across the ensemble. If a random process is ergotic, it must be
stationary; the converse is not true: a stationary process is not necessary ergotic.
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3.1.1 The Autocorrelation Function Rx(t)

The function Ry(7), from Equation 3.6, is the “autocorrelation function” of the
random process X(#). When 7=0 the autocorrelation function is

Ry (r=0)=E[X(1)- X(t,)|=0} +uy =E[ X* ], (3.10)

and R(0) becomes the mean square value of the process when uy=0. Forz—eo, R
(e°) H,uxz if R(7) does not contain a periodic component. R (7) is an even function of 7

R(7)=R(-7). (3.11)

Furthermore, because X(#) is stationary, its mean and standard deviation are
independent of 7. Thus,

E[X@)]|=E[Xt,)]=py (3.12)
o,(t)=04(t,)=0y- (3.13)
The correlation coefficient, p, for X(#)) and X(?,) is given by
2
p= R @ty (3.14)
ox

With p=+/- 1, there is a perfect correlation between X(t;) and X(t,), and for
p=0, there is no correlation. Usually the values of p are between -1 and +1, the
autocorrelation function is

Uy —oy SRS Uy +0,y - (3.15)

Figure 3.2 shows the property of autocorrelation function R(7) of a stationary
process X(t). When the time interval (goes to infinity, the random variables at #;
and 1, are not correlated.

Fig. 3.2 Autocorrelation function of a stationary process
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3.1.2 Fourier Analysis and Power Spectral Density Sx(w)

Any periodic time history can be represented by summation of a series of
sinusoidal waves of various amplitude, frequency, and phase. If X(#) is a periodic
function of time with a time period 7, X(t) can be expressed by an infinite
trigonometric series of the following form:

= 27kt . 2wkt
X(t)=A0+Z(Ak cos +B, sm%} (3.16)
k=1
where
T2
1
A== j X ()dt> (3.17)
T -T/2
27 2kt
A =— | X(t)cos——dt>
. T_TI/Z (cos = (3.18)
2 ¢ 2kt
B =— | X(t)sin——dt- 1
= J/Z (1)sin=_ (3.19)
The Fourier series can be also expressed by using complex coefficients as
oo i27kt
X()=) Ce ™ - (3.20)
k=1
where the complex coefficients Cy is given by
1 T2 _i27kt
C,=— j X(e T di- (3.21)
T -T/2

The Fourier transform can be considered as the limit of the Fourier series of
X(t) as T approaches infinity.
The Equation 3.20 is rewritten

oo 1 T2 27kt i27kt
X(1)= ;@Z[; [ xwe 7 dr} T (322)

k=—oo ~T/2
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The frequency of the K harmonic, @, in radians per second, is

2k
o, =—

) ) (3.23)
T
and the spacing between two adjacent periodic functions, A, is
Ap=2E. (3.24)
T
Using Equation 3.24 in 3.22 it becomes
o Aw ™ By A
X(t)=lim 3| == [ X(0)e™*dr " (3.25)
===\ 2 -T/2

If T approaches to infinity, the frequency spacing, A, becomes infinitesimally
small, denoted by da, and the sum becomes an integral. Thus, Equation 3.25 is
expressed by the Fourier transform pair X(¢) and X( w):

X(@)=—— j X (e dt, (3.26)
2r 2.
X ()= j X(w)e “dw- (3.27)

The function X(w) is the forward Fourier transform of X(z), and X(¢) is the
inverse Fourier transform of X(@). The Fourier transforms exits if the following
conditions are met:

- The integral of absolute function exists, i.e.:

T |X ()ldt < oo - (3.28)

- Any discontinuities are finite.

Usually the Fourier transform of a stationary random process X (¢#) does not
exist because the condition (3.28) is not met. However, the Fourier transform of
the autocorrelation function Rx(7) always exists. If the stationary random process
X(t) is adjusted (or normalized) to a zero-mean value, i.e.,

R, (T —00)=0, (3.29)
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the condition
T R (D)|dt <0 (3.30)

is met. In this case, the pair Fourier transforms of Ry(?) are given by

S, (@) =— [ Ry(@)e ™z, (3.31)
2z 2.

R (0)= [ Sy (e dw. (3.32)

Here the Sx( @) is called the spectral density (or power spectral density, PSD) of
the normalized stationary random process X(t). With 7=0 Equation (3.32) gives
the variance in the form

E[X*]|=R,(0)= T Sy (wdw=0o? . (3.33)

The Equation 3.33 signifies that the square root of the area under a spectral
density plot Sx(@) is the root mean square (RMS) of a normalized stationary
random process. Sx(@) is also called mean square spectral density (Figure 3.3).
The negative frequencies have no physical meaning. The most common practice is
to consider the frequency from zero to infinity, and to have the frequency
expressed in hertz (cycle/second) rather than radians/second. Therefore, the two-
sided spectral density, Sx(@), can be transformed into an equivalent one-sided
spectral density, Wx(f) as follows:

E[X*]|=0} = TWX (f)df - (3.34)
0
where

W, (f)=4rS, () (3.35)

is the power spectral density (PSD), with f= @2z in hertz.
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The following spectral density relationship exists for first and second
derivatives of a stationary random process X (t):

S (@) =a'S, (w), (3.36)

W, (f)=Q2r) f* W, (f). (3.37)
oy = T Sy (a))da)z]: a)zSX(a))da)z(Zﬂ')zT W (fdf . (3.38)

Sy (@) =S, (w), (3.39)

W, () =) fW,(f). (3.40)

0} = [ Sy(@Mw= | 'S, (@do=@r) [ W, (Hdf . Gan

0

[ Sylw)dw=o%

>

N

-

0 o)

Fig. 3.3 Relationship between the spectral density and root mean square of a normalized
stationary random process

Usually, a stationary random process is called a narrow-band process if its PSD
has relevant values into a limited frequency interval (narrow band of frequencies),
Figure 3.4 (a). The sample realizations of such a process are constituted in practice
by cycles of variable range symmetrically placed with respect to the mean, Figure
3.4 (b).
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Fig. 3.4 PSD and sample realization of a narrow-band process (a, b) and wide-band process
(c,d)

On the contrary, a stationary random process is called wideband, if its PSD has
significant values into an interval of frequency (Figure 3.4 (c)). The sample
realizations of such a process contain a large number of peaks between two

successive mean level crossings (Figure 3.4 (d)).

3.2 Few Special Stochastic Processes

3.2.1 A Stationary Gaussian Process

A stochastic process is called Gaussian if for any integer n and any subset ¢, ,,...,
t, of T the random variables X(t;), X(t,), ..., X(t,) has a joint Gaussian distribution.
The Gaussian process is completely determined by its mean and autocorrelation
function, and all the linear transformation of X (¢) is also Gaussian. Moreover, the
derivative of a Gaussian process is still Gaussian. The original process and its first
derivative are independent. The original process and its second derivative have a
correlation coefficient equal to the spectral width parametery If X(z) has mean
zero, all moments can be expressed in terms of second order moments [4]:

E(ﬁ X‘Yj =0, n=o0dd, (3.42)
s=1

E(H X] =D E[(X,X,)]..E[(X,.X,)] n=even, (3.43)

The summation is over-all possible ways of combining pairs.
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The peak distribution is given by [4]

F(u)=0| 272 |_ g exp (=ty) || Clt=te) | (344,

ou\1-a 20} oul-a;

When study involves time series, it is necessary to generate a Gaussian process,
X(t), from a power spectral density. There are two widely used approaches,
involving deterministic spectral amplitudes (DSA) and random spectral
amplitudes (RSA). Given a two-sided power spectral density S( @) of a Gaussian
process, X(t), a sample function of discrete sequence, X(t;), i=0,..., N-1, can be
obtained by a DSA method [4]

N-1
X(1)=2) A cos(ot,+4,) (3.45)
k=0
in which
A =28(o,)Aw, (3.46)
o, =kAa)=k&. (3.47)
N

Here @), is the cutoff frequency, and ¢ is uniform variations within U [0, 2].
A sample function of X(#;) can be also generated by RSA method [4],

N-1
X(1)=2) A cos(at,+4,) (3.48)
k=0
with

A =R S(w)Aw, (3.49)

a)kzkAa)zka]\)}‘~

(3.50)

Here @), are the cut-off frequency; Rk is of Rayleigh's distribution, and ¢ is
uniform variations within U[0,27r]. Note that the DSA only consists of one random
factor, the random phase, and the amplitudes of A; deterministic. As a result, the
realizations generated from DSA are artificially regular, and each realization has
the same variance as the true process. This is not realistic for finite length
realizations. Furthermore, x(#;) is bounded as long as the number of summation
terms to generate the sample is limited. In other words, the DSA method may not
be able to reproduce the extremes of the process unless the value of N is large
enough. The RSA method consists of two random factors, the random phase and
the random amplitude. A realization from RSA is more accurate reflection of the
irregularity of real processes, especially when the m™ power of amplitudes of a
process is a major interest. Moreover, the process generated by RSA method is
always Gaussian.
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3.2.2 Wiener Process

A Wiener process W(z) is defined as a process with independent and stationary
Gaussian increments,

AW =W (1+Ar)-W (1), (3.51)

with
E[AW]=0, (3.52)

and
E[(AW)Z} =Ar. (3.53)

W(t) is a Gaussian stochastic process with zero mean and autocorrelation
function

E[W(t)W (t+At)]=t. (3.54)

Almost all sample functions of W(z) are of unbounded variation in every finite
interval.

3.2.3 White Noise

A white-noise process, &(t), is a stationary process with zero mean and
autocorrelation function 275,1), in which &x), is a Dirac delta function. Its (two
sided) power spectral density is a constant, Sy, over-all frequencies.

3.2.4 Markov and Diffusion Process

A Markov process X(t) is one in which, given all past and present states; the
knowledge of future states is dependent only on the current state. The evolution of
a Markov process is described by a transition probability density function, f{y,t/
x,s), which represents the probability density of X(#)=y, given that X(s)=s, t>s. In
other words; all probabilistic information of a Markov process can be determined
from its transition probability density function and initial state.

A special case of the Markov process is the diffusion process. A Markov
process X(?) is called a diffusion process if, for any €>0 [1]

limL j f(y,t|x,s)dy=0, (3.55)
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and there exist m(x,s) and ofx,s), such that

1
lim —— [ =2 f(t]xs)dy=m(x.s). (3.56)
’ - ‘y—x‘SE
1
oy | (=) f(tles)dy=0"(x.5). (3.57)
‘y—ﬂSE

The condition (3.57) means that a large change in X(#) over a short period of
time is impossible. The parameter m(x,s) is called the drift coefficient, and it
describes the mean velocity of the increment X(7)-X(s) under the condition X(s)=x.
The diffusion coefficient, oz(x,s), gives the local magnitude of the fluctuation of
X(1)-X(s) about the mean value. It can be shown that

X(t)—-X(s)= m(X(s),s)(t—s)+O'(X(s),s)(W(t)—W(s)), (3.58)

where the increments of a Wiener process, W(z)-W(s), has the Gaussian
distribution, N(0,(t-s)).

A diffusion process can be written as the solution of the Ito stochastic
differential equation,

dX(t)y=m(X,t)dt)+o(X,1))dW(t). (3.59)

Analogously, an n-dimensional vector Markov diffusion process X(#) may be
generated from a vector Ito differential equation

dX(1)=M(X,t)dt+T (X,1)dW (1). (3.60)

where M is an n-dimensional drift vector TT" is a nxn diffusion matrix, and W is
a vector of n independent Wiener processes. Note that it is not necessary that all
components of the vector be Markovian for the vector to be Markovian.

The transition probability density f{y,#/ x,s), of a Markov diffusion process is
uniquely determined by the drift vector and diffusion matrix. Assuming f is

continuous with respect to s and the derivatives of / 8xi and 82f / axiaxj exist

and are continuous with respect to s, then f is a solution of the Kolmogorov
backward equation is

af L af 1 non azf
i (X,8)—+— b.(x, =0. '
as+;m(x S)axi +2;; (X S)axiaxj 3.61)

If X(1) is a homogeneous process, that is, the transition probability is dependent
on 7=t-s, not s, then
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a n
St I RS =0 a0

i=1 11]1

If f is continuous with respect to ¢ and the derivatives, 0 (mi (x,t )f) / axi and

9’ (blj(x,t) f )/ axiaxj exist and are continuous, then f is a solution of the

Kolmogorov (or Fokker-Plank) equation

o (m0f) 19 (b (x0)f)
Py Z—a Z; axax =0. (3.63)

3.3 Stationary Gaussian Narrow-Band Process

The mean up-crossing rate and peak distribution are very useful descriptors for
structural fatigue loading, and will be used in the stochastic modeling of thermal
fatigue crack growth in the following chapter.

The mean up crossing rate v*(u,t) is the measure of the average frequency that
a process crosses a certain level u with positive slope. In other words, it is the

mean rate of occurrence of the event E = (X(t) =un X(t) > 0) at time z.

Assuming that the joint density function of X(z) and X (¢t ) is fyy (u,v), the

following expression is the level crossing rate of a stationary random process:
= [vf w0)d- (3.64)
0

If X(2) is a Gaussian stationary random process, the expected up crossing rate of
x=uis [4]

. 1 o, u’
v, =——exp|—— | (3.65)
2w oy 20
The expected rate of zero up-crossing N x.01s found by considering u=0 in

Equation 3.65:

Ny, = Elv =2 3.66
‘o T (3.66)

By using Equations 3.34 and 3.38, based on one-side PSD into Equation 3.66,
the expected rate of zero is
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oo

[ 2w, (fHar

Ny, =Eu]="—o—oun (3.67)

oo

[wy(Har

0

The expected rate of peak crossing, N x.p 1s found from a similar analysis of
the velocity process X (1) . The rate of zero down crossing of the velocity process
corresponds to the occurrence of a peak in X (1), which means the occurrence of
the event E = (X(t) =0n X(t) < 0). The result of a Gaussian random
stationary process is

. O.

N3 pd 2T o, (3.68)

By using Equations 3.38 and 3.41 the expected rate of peak crossing becomes

1/Tﬁvvx(f)alf
N, =E, =" :

= (3.69)

P P »

[ W, (fHdf

0

A Gaussian stationary narrow-band process is smooth and harmonic. For every
peak, there is a corresponding zero up-crossing, which means

E[v{1=Ev,], (3.70)
or
Nyo=Ny,- 3.71)

A wide band process is more irregular, and a measure of this irregularity is the
ratio of the zero up-crossing rates to the peak crossing rate. This ratio is called the
irregularity factor, % in the form

:ng].

Fo.] (3.72)
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When y—eo there is an infinite number of peaks for every zero up-crossing and
this is considered a wide band random process. The value of y=1 corresponds to
one peak per one zero up-crossing, and it represents a narrow-band stationary
random process. Alternatively, a narrow- or wide band process can be assessed by
the width of its spectrum, which is characterized with the spectral width
parameter, A, defined as

A=41-9 (3.73)

Note that A—0 represents a narrow-band stationary random process.

The same descriptors for structural fatigue loading can be defined by using the
so-called spectral moments M; of the PSD of a stationary random process (Figure
3.1), which is defined as

M= W (f)df - (3.74)

In particular, the zero-order moment M, provides an area of the PSD that
coincides with the variance O )2( of the normalized stationary random process. A

family of bandwidth parameters, measures of bandwidth, is described as

M

&, =—=——" (3.75)

0 2m

<
<

which has their values between [0,1]. The one that is most widely used in practice
is Ol
The zero up-crossing rates and the peak crossing rate are given by

.M
E[UO ] = Vz s (3.76)
and
M
E = [=4. .
[v,] o (3.77)

Furthermore, the irregularity factor, % and the spectral width parameter, A4
become

M;
M()M4

y=a,= , (3.78)
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and

, (3.79)

respectively.

s/

/ (Hz)

»f.(Hz)

A'lf;f

Fig. 3 5 Moments of one-side PSD

The distribution of amplitudes, A, for a stationary narrow-band process
Gaussian process, is characterized by the Rayleigh distribution. The probability
density function for amplitudes follows a Rayleigh distribution [5] of the form

1
fila)= %eXp {—i?ﬂ (3.80)

where a is the random amplitude of the process and o is the mode of Rayleigh's
distribution, but also equal to the standard deviation of the underlying Gaussian
process. The probability of encountering amplitude greater than a given value a, is
the integral of Equation 3.80,

2 2
r 1 1
P[A>a]:.|.§exp _E(O'ij da =exp —E(O_ij ) (3.81)

a X X X
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The m™ moments of Rayleigh are given by

" 1
Illm 20'”1221—‘(1"‘_)9 (382)
m

where I' is the Gamma function. The mean and variance of Rayleigh's distribution
are

Ela]l= O'X\/g =1.2530, (3.83)
and
ol= 4_Tﬂaf ~0.42907. (3.84)

The features of Rayleigh's distribution will be used for SIF statistical
properties.

3.4 Frequency Response Functions

3.4.1 The General Methodology

Let be L[Y(t)] a linear differential equation as
n dk
L=>a—- (3.85)

with deterministic coefficients, a;. When the input-output relation is governed by a
linear differential equation of form [7]

LIYH]=X(), (3.86)

with X(z) and Y(z) the input and output respectively, the two functions, the
it

frequency may be defined. Letting H (@) - €' be the steady-state response of the

system to a unit-amplitude sinusoidal excitation of form
X(t)=e", (3.87)
then H( w) is called the frequency response function, and the output becomes

Y(w)=H(w)e'™ . (3.88)
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By substituting Equation 3.88 into Equation 3.85, the results are
D a,(io) H(w)e™ =", (3.89)
k=0
from which

H(w)=
Za (m)) (3.90)

Here H(w) is a complex function of frequency . If X(z) is the real part of the
excitation

X (t)=Re[e]=coswt, (3.91)
then
Y (1) =Re[H (w)e'” | = |H (w)|cos(wrt + ) , (3.92)
where
p=tan"” —EZ{Z EZ; } . (3.93)

X(w) and Y( @) are the Fourier transform of X(z) and Y(1):

X (@)= j X(t)e “dt . (3.94)
Y(w) = j Y(t)e dt - (3.95)

If we apply the Fourier transform
Zak Y(t) X(1) (3.96)
the result is

iakY(a))(ia))" =X (w)- (3.97)
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Therefore
V= X@
Zak (im) (3.98)
k=0
By using Equation 3.90 into 3.98 the result is
Y(w)=H(w)X(w). (3.99)

which will be used in next to relate specific input-output for fatigue crack growth
under the thermal spectrum.

The frequency response function H(®) is useful in relating input and output
power spectral densities, respectively Sy( @) with Sy @)

S,(w)=H (w)-H(®)S, (®) = |H(a))|2 S, (w), (3.100)

where H'(@) is the complex conjugate of H(w), and Sx(w) and Sy(w) are the
respective power spectra. Based on the Equation 3.33 the variance of output ()'yz
may then be expressed as

ol = TSY(a))da)= T|H(w)|2 S, (@dw. (3.101)

The relation between input and output means may be given in terms of the
frequency response function for zero frequencies.

3.4.2 The Sinusoidal Frequency Response

The frequency response H(®), which is a complex function, may be expressed
also in the polar form as

H(w) =|H(w)| " (3.102)
with its complex conjugate
H () =|H(w)|e". (3.103)

Let consider the steady-state response of a linear single-input, single-output
system (SISO) [6] to a sinusoidal input of the form

u(t)=Asin(ax +y), (3.104)

where A is the amplitude of the input and W is an arbitrary phase angle. With
Euler's formulas which relate complex exponential to sinusoidal and cosinusoidal
waveforms as
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. 1, . 4
sin(wr) =—|(e'” —e ), 3.105
(@) =— ) (3.105)
cos(wt) = l(e""” +e”'“”) (3.106)
2i
the input may be written as
. A i(ot+ —i(ot+
u(t)=A51n(a)t+y/)=;(e’(‘” V)il '/’)). (3.107)
i

Equation (3.107) shows that the real input u(7) can be expressed as the sum of
two complex exponential components

A .
u(t)= ?e’(”’”"’), (3.108)
l
and
u,(t) = —g[““’”w . (3.109)
l

The principle of superposition allows the sinusoidal response to be written as
the sum of the responses to the two complex exponential components:

A ; A ;

VO=yaO+y,)=2-H (iw)e" "™ — 5 (miw)e™ ™. (3.110)
If H(i w) is written in its polar form, and H(-i @) is described by Equation
H(—iw) =|H (iw)|e ", (3.111)
then y,(7) becomes
A i i (i —iot _~i(g(i
y, () = 2—|H(60)| (ez(a)t+l//)ez¢(zw) — gl pmi(gli)+y) ) —
l

L |
= A|H(w)|5(€l(a)t+'//+¢(m))) _ gri@ryglio) ) _ (3.112)

= A|H(w)|sin (ot +y + ¢(iw))

The steady-state sinusoidal response is a sinusoidal function of the same
angular frequency @ as the input, but modified in its amplitude by the factor
|H (a))| , and shifted in phase by the quantity ¢(i®). Thus, in general, the steady-

state response of a linear single-input, single-output system to a sinusoidal input
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u(t)=A sinax can be characterized in terms of the magnitude of the frequency
response function |H (a))| , and the phase shift ¢(i W)= <H( @).

The magnitude of the frequency response represents the ratio of the output

amplitude to the input amplitude as a function of frequency.
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Chapter 4

Stochastic Model for Thermal Fatigue Crack
Growth

Abstract. In this chapter, the stochastic mathematical model is developed for the
thermal fatigue crack growth phenomenon in the metallic pipe of a structural
component. Any stochastic fatigue crack growth model used in time-reliability
analysis must include a part means for incorporating randomness in service loads,
and also another one, which should include a description of statistical
characteristics of crack growth under constant amplitude loadings. Time-—
dependent fluctuation of temperature should be correlated with time dependent
fluctuation of crack growth from the deterministic crack growth law. The number
of loading cycles is a discrete variable with respect to time. When time-dependent
stochastic analysis is conducted, the number of loading cycles is modified into a
continuous variable by introducing an average cyclic rate. By stochastic analysis
of a stationary Gaussian narrow-band process, we deal with the expected value of
crack growth rate and expected rate of peak crossing (or mean rate of maxima) as
well, in order to assess the thermal fatigue crack growth. The uncertainties in
initial crack depth and Paris's law constants will be accounted by Monte Carlo
simulation based on a properly limit state function (damage criterion). A method
of crack growth assessment of linear elastic fracture mechanics (LEFM) for a
stationary Gaussian narrow-band temperature fluctuation is given in this
book. The model of stochastic fatigue crack growth is developed for cylindrical
geometry, for which analytical solutions for temperature and associated
elastic stresses were obtained in previous work. For the stochastic approach of
crack growth due to random thermal fluctuations, only temporal incoherence
is accounted and not any degree of spatial coherence has been taken into
account.

4.1 The Main Steps of the Modeling

The parameters that affect structural fatigue performance include applied stress,
geometry of structural details, properties of the material, and operating
environment. A widely accepted empirical crack growth law originally was
suggested by Paris, Gomez and Abderson (1961) [1]

© Springer International Publishing Switzerland 2015 33
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da
dN

where da/dN is the increment of fatigue crack advance per cycle, and 4K is the
range of the stress intensity factor, which is related in linear elastic fracture
mechanics to far-field nominal stress range, and component geometry factor. C
and n are empirical constants dependent on material property and the environment.
The regression analysis leading to Equation (4.1) only describes the crack growth
rate in the median sense. Investigation of the randomness of fatigue crack growth
rate under service load conditions must consider the statistical characteristics of
crack growth law under constant amplitude loadings and the randomness of
loadings that gives rise to fatigue under variable amplitude loads.

Any stochastic fatigue crack growth model used in time-reliability analysis
must include a part means for incorporating randomness in service loads, and also
another one, which should include a description of statistical characteristics of
crack growth under constant amplitude loadings.

The selection of an appropriate stochastic model for fatigue crack growth
depends on the nature of uncertainty to be interpreted. The application of
stochastic fatigue analysis in this study is focused on the thermal fatigue damaging
phenomenon in mixing tees of nuclear components. Time—dependent fluctuation
of temperature should be correlated with time dependent fluctuation of crack
growth from the deterministic crack growth law. The number of loading cycles is
a discrete variable with respect to time. When time-dependent stochastic analysis
is conducted, the number of loading cycles is modified into a continuous variable
by introducing an average cyclic rate. In this case, we have [2]

dA_dAdN _  dA

dt dN dt "dN’
in which A is the random flaw size (uppercase case denote random variables or
processes) and V, is the mean rate of maxima, that is constant for a stationary
random process.

By means of stochastic analysis of a stationary Gaussian narrow-band process,
we deal with the expected value of crack growth rate and expected rate of peak
crossing (or mean rate of maxima) as well, in order to apply Equation (4.2) for
thermal fatigue crack growth. The uncertainties in initial crack depth and Paris law
constants will be accounted by Monte Carlo simulation based on a properly limit
state function (damage criterion).

A method of crack growth assessment of linear elastic fracture mechanics
(LEFM) for a stationary Gaussian narrow-band temperature fluctuation is given in
this book. The model of stochastic fatigue crack growth is developed for
cylindrical geometry, for which analytical solutions for temperature and associated
elastic stresses have been obtained in previous works [7, 8, 9, 10, 11]. For the
stochastic approach of crack growth due to random thermal fluctuations, only

=C(AK)' 4.1

4.2)
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temporal incoherence is accounted and not any degree of spatial coherence has
been taken into account [3], [4], [5], [6].
The main steps of the procedure are given below:

a) The sinusoidal thermal loading is applied on the inner pipe surface and the
external one is adiabatic; the solution of temperature distribution through
thickness for an arbitrary frequency is obtained;

b) Approximation of frequency, temperature response function is made based
on the general frequency output in case of sinusoidal input, and also by keeping an
appropriate conservatism its magnitude is established;

¢) By using the linear elasticity theory for hollow cylinder, the analytical
solutions for thermal stress components are derived (i.e. radial, hoop and axial) for
various boundary conditions;

d) The magnitude of the frequency response function for thermal stresses is
obtained, by using the corresponding frequency response for temperature;

e) Calculating the stress intensity factor (SIF) frequency response is based on
the polynomial fitting of stress response profile through thickness, which is
usually used in the case of a very high-stress gradient in the pipe wall;

f) The power spectral density of SIF is inferred from the power spectral density
of the thermal spectrum applied on the inner pipe surface, by considering the
stationary Gaussian narrow-band temperature spectrum;

g) The main moments of PSD for SIF are calculated (mean up crossing rate and
amplitude distribution);

h) The crack propagation rate is converted from respect to cycles into time
variable respect, and the expected value of crack growth rate is obtained by
assuming linear summation of damage and ignore the effect of positive maxima in
the crack propagation law;

i) A probabilistic input for Paris's law integration is used to account the
variability in initial crack depth of flaws and also in C scaling parameter;

j) The lifetime for crack growth due to thermal fluctuations is given in the form
of probability of failure (or index reliability), and its assessment is based on the
limit state function with Monte Carlo simulation.

Note that the calculations are limited to LEFM, and any plasticity or retardation
effects are ignored. The crack initiation is a separately subject, and it is no longer
accounted here; in this respect the crack propagation, that follows after the
initiation period is described only by probabilistic distribution function of initial
crack depth of flaws. The stress-free temperature that influences the SIF
magnitude during its fluctuations is not considered as well.

4.2 Statistical Properties of the Thermal Spectrum

The main assumption is that the temperature spectrum at the inner pipe surface
can be modeled as a stationary Gaussian narrow-band process, and its power
spectral density is known. Firstly, an analytical solution for temperature
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distribution in the wall-thickness of the pipe is derived under sinusoidal thermal
loading at the inner surface. In the next step, the frequency response function is
proposed.

4.2.1 Analytical Solution of Temperature Distribution under
Sinusoidal Thermal Loading

The analytical solution for time dependent temperature profile for an infinite
hollow cylinder has been developed in [7]. A short overview will be given in the
follow.

Assuming an infinite hollow cylinder made of a homogeneous isotropic
material, with inner and outer radii ;=a and r,=b, the 1D heat diffusion equation
has the form

0’0 100 100
- =" @ srsb 120, 43)
or ror kot

where
@(r,t)zT(r,t)—T , 4.4)

is the temperature change from the reference temperature at any radial position r
and at time ¢.

The reference temperature T is the body temperature in the unstrained state or
the ambient temperature before changing of temperature. The thermal diffusivity
is defined as

k=", (4.5)

with A is the thermal conductivity, p is the mass density and c is the specific heat
conduction. The solution &Xr, t) must satisfy the boundary conditions

O(a,1) = q(1), (120), (4.6)
O(b,1)=0,(20), 4.7

and the initial condition
O(r,0)=0, (asi<b). 4.8)

The function ¢(z) is a known function of time representing the thermal
boundary condition applied at the inner surface of the cylinder. By using the finite
Hankel transform, in the way presented in Appendix A; we are able to obtain the
analytical solution for arbitrary boundary condition, g(z). The differential Equation
(4.3) contains a linear operator L , applied to a function &Xr,¢) in general form of
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Equation (A-9) from Appendix A, with v=0. Following Equation (A-14) is

introduced the transform (:)(Sn ,1) as follows
O(s,,t)=H[O(r,1);s5,], (4.9)

and make use the result Equation (A-17) to show that

0 190 | 2J,(sa) 2 25
H{ +=—s } —@(b,f)—;G(a’f)_sn(a(sn’t) (4.10)

o’ ror " 7l (s,a)

With boundary conditions from Equations (4.6) and (4.7), (:)(s

differential equation

t) satisfies the

n’

[%+ksf]é(sn,t):—%q(t), (4.11)

and the initial condition

O(s,,0)=0. (4.12)
Thus, the following solution for @(sn ,1) is obtained

O(s,.1)= —%eksztj.q(f)df. (4.13)
0

The solution ©(r,t) may be obtained by the inversion theorem for operator H as
in Equation (A-16)

n

()= [8(s,0)r]-E- 3 2 LIl (o (), (i )] 41

Here Jy (z), Yy (z) are Bessel's functions of first and second kind of order 0.
Finally, the temperature distribution in the thickness is given by analytical
solution:

1

N 21: Wb —ksat [ ksit >
(B(r,t)=k7r”2:1:Joz(j:b)f(;g()S”a)[‘lo(s”r)YU (s”a)—Jo(sna)YU(snr)][e g .[e g q(z’)dr:| (4.15)

where s, are the positive roots of the transcendental equation

Y()(sna)‘]()(snb)_JO(sna)YO(snb)=0' (416)
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The analytical solution for temperature distribution from Equation (4.15): may
be written as follows:

O(r.1)=kzY 0, (a.b.5,) ®, (a.r.s,) 0, (t.s,). .17
where
-
0.0 ey 1
0, (a.r.s,) =Y, (s,a)Jo(s,r) =T, (s,0) Y, (s,7), (4.19)
O,(t,s,)= e"“f’j[ ST ()T . (4.20)

0

To evaluate the time-dependent term Oj(t, s,), it is assumed the sinusoidal
thermal loading

q(1) =0, -sin(@r) =0, -sin (27 ft), 4.21)

where 6, is the amplitude of temperature wave, @ and f corresponds to angular
frequency in radians/second and cycles/second (Hz), respectively, and ¢ is time.
By substituting the Equation

(4.21) and performing the integral, the result is

we ™ + ks? )sin(wt) — wcos (wt
0,(m.t,5,)=0, ( ) (@) ( ). (4.22)

(ksj )2 +’

By inserting the Equations (4.18), (4.19) and (4.20) into Equation (4.17), the
final form of analytical solution for temperature distribution through wall-
thickness of the pipe is

(r.o,t) kﬂ;%[lo(snr)%(s”a)—JO(sna)YO(s”r)Jx
Je a)e'k“"’+(ksf)sin(wt)—wsin(wt) (4.23)

0

(ksf )2 +&

In the paper [7] the predictions of the analytical solution, given by Equation
(4.23), have been checked by finite-element analyses performed with ABAQUS
computer code (Figure 4.1), with good agreement [7,8].
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430 T

T T
----- analytical, t=0.5 sec
analytical, t=1.5sec
L e e e e A H
T T T © FEA, t=0.5 sec
+ FEA, t=1.5 sec

Temperature (C)

Normalized radial distance through thickness

Fig. 4.1 Comparison between analytical prediction for temperature and FEA for a pipe
striped at the inner surface with sinusoidal thermal loading at frequency f=0. 5Hz [7]

4.2.2 Approximation of the Temperature Frequency Response
Function for Hollow Cylinder

From practical point of view it is necessary to obtain the magnitude of frequency
response function for temperature and associated thermal stresses by considering a
certain geometry, spectrum loading and material properties. This way will give us the
flexibility to manipulate the analytical expressions from the general form to specific
form, most suitable for application itself. Therefore, in this book, we have chosen a
well-known damaging case study for application of stochastic methodology, namely
Civaux case study [9, 10,11]. In the appendix, B is given a short description provided
by reference [12]. The use of the analytical solution from Equation (4.23) needs the
positive roots s, of transcendental Equation (4.16). Previous work [8] showed that by
using first one hundred positive roots provides a stable and optimized analytical
response for temperature. For Civaux case, where the geometry of the pipe consists in
inner and outer radii by r=a=0.120m and r,=b=0.129 m, the first 100 roots of
transcendental Equation (4.16) are given in Appendix C.

The analytical solution for temperature variation through wall-thickness from
Equation 4.23, due to sinusoidal loading at the inner pipe surface (Equation 4.21),
must be adapted to a suitable form that allows the extraction of temperature
frequency response magnitude. In the next, we work on the Equation 4.22, which
contains the variable frequency, @ A first attempt is to neglect the exponential
term from Equation (4.22)

kst 2\ i _ AW _
0,(@1.5,)=6, we™" +(ks; )smz(a)t) wcos (ar) -0, (ks; )sm(a)tz wcos(ar) . 4.24)
(ksf) +& (ksf) +&
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When we perform this operation, we have to check its availability to predict the
temperature fluctuations inside of the pipe-wall. By inserting Equation 4.24 into
Equation 4.23, the first approximation 0 temperature response is

(50) [Jo (5,7)% (5,0) = (5,0)Y, (s,r) ] %

}" a)[ k) —————~-——
Z O(Snb) Jo(s . (4.25)

(ksf)sin(a)t)—a)sin(a)t)
(ksy) +&

For the Civaux case, we consider [10, 11] the input signal (sinusoidal thermal
loading) at the inner surface as

x| 0,

q(1) =0, -sin(@r) =0, -sin (27 ft), (4.26)

with the amplitude of @0 =60°C. The frequencies of loading will be in range of

0.1 to 1.0 Hz, where the critical frequencies for crack growth are placed [11].
The results given by Equations 4.23 and 4.25 are compared in Figure 4.2.

60 T T T T T T T T
: : : : complete analytical solution T/4
! ! ! I| = —e— - complete analytical solution 3T/4
: : : : —— 1st approximate analytical (without exp) T/4
40~ - o ! 1st approximate analytical (without exp) 3T/4 [|
| | T T T T T
| | | | |
| | | | |
| | | | |
| | | | |
Y e e N il M [ T R \77777\7777\ 77777
| | | |
o | | | |
° | | | |
5 | | |
s 0 = —_ I
@ | ] | | |
g I \// I I I I I I I
o | g | | | | | | |
= I / I I I I I I I I
[ | | | | | | | |
-20****ﬂ7***\****‘r****\****f***ﬂ****\****#****\ *****
| | | | | | | | |
e | | | | | | | |
| | | | | | | | |
| | | | | | | | |
| | | | | | | | |
Bt el e e s e
| | | | | | | | |
| | | | | | | | |
| | | | | | | | |
| | | | | | | | |
-60 1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Normalised radial distance

Fig. 4.2 First approximate of analytical predictions for temperature compared with
complete analytical solution through wall-thickness of a pipe striped at inner surface with
sinusoidal thermal loading at frequency f=0.5Hz
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As it can be seen, the both predictions have, practically, the same temperature
profiles through thickness, in the case of Civaux geometry, which means that the
influence of the exponential term can be neglected.

In a second step, it is important to manipulate the last term of Equation (4.25)
to obtain the general form of response frequency response similar to Equation

3.112. Thus
sin @t — @ cos wt
(ksf)sin(a)t)—a)cos(a)t) ks? 427

(k) +r (k) e

O,(w,t,s,)=0,

Let consider

tang(w,s, )= K—i)z (4.28)

n

then Equation (4.27) becomes

. [0 . 4| o
sin @t — (2] cos wt sin {a)t —tan (ZH
) ) ks, _o ks, _

0,(w,t,s,) =0, (ks (ksf)z A ‘ \/(ksf )2 +@’ . (4.29)
o sin[a)l—(/’(w’sn)]

_o, 2
\/(ksf) +

With 4.29, Equation 4.25 gives the first approximation in the following form

krx [J 5,0) =y (5,a) Y, (5,7)]

] (sb) J

G)(r,w,l):; \/(ksn) - " (4.30)

x0, sin[a)t—(p(a), sZ)J

Each term of sum from Equation (4.30) may be expressed as

b e S O ()W ()= 1 (000 5]

HOLRAC .
\/(ksz)z + @’ 4.31)

n

7;1 (r’w’l) = G‘)0

xsin[wz—¢>(a),sjﬂ

which is in the form of Equation (3.112).
Because we interested only in the magnitude of frequency temperature
response, the Equation (4.31) may be written in the general form as

T, (r.ot,s, ‘H (w,r1,s,) [a)t—go(a),sj)], (4.32)
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with
273 (s,b)
kﬂ'#[h J(,(sna)Yl)(snr):l . (4.33)
\/(ks”) ‘o

At this point, to force the temperature response from Equation 4.25 to follow a
typical frequency response similar to (4.32) we shall consider Equation (4.32), in a

‘H” (r,o,s,)|=abs

second approximation, with phase @ ( ,s, ) being constant. The result is then

O(r,m,t)= Z‘H” r,a,s, )
n=l1

Finally, we designate the magnitude of temperature frequency response as

o (s,0) [0 (5,7)Y, (5,0) = Iy (5,0) Y, (5,7) ]

2 (5,0)=J2 (5,)

xsin[ar—g)]. (4.34)

‘HT(r,a))‘ =iabs - (4.35)
Jks2) +o
and temperature fluctuation in the pipe-wall is given by
O(r,m,t) O‘H r,@ ‘Xsm[a)t o] (4.36)

In a conservative way, if the lag phase is approximate as ¢=0, a comparison
between temperature profiles through thickness predicted by Equation (4.23) - or
(4.25) - and Equation (4.36) with (4.35) is displayed in Figure 4.3.

Temperature profiles through thickness,f=0.5 Hz
T T T T T
----- e complete analytical T/4
complete analitical 3T/4
-+=e=-= 2nd approximate analytical (without exp) T(r,w)*sin(wt)T/4
==-~=-2nd approximate analytical (without exp) T(r,w)*sin(wt) 3T/4

Temperature (C)

Normalised radial distance (x/I)

Fig. 4.3 Comparison between predictions of temperature profile from complete analytical
solution and those obtained by means of analytical temperature frequency response function
in the pipe wall
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With the same temperature range at the inner pipe surface and with a slightly
deeper penetration, the prediction of temperature response with assumed
magnitude of frequency temperature response given by Equation 4.36 may be
reasonable accounted. Figure 4.4 shows the influence of loading frequency, in
case of sinusoidal input, on the temperature frequency response magnitude, given
by Equation 4.35, for several points inside of the wall.

0.6

T T T

| | x/1=0.12
| | | | =s=e=-=x/I=0.22
| |

| |

I | =e=e=:= x/1=0.33

Magnitude of temperature frequency response

Fig. 4.4 Dependence of temperature frequency response magnitude on loading frequency
for various depths through thickness (/ is wall-thickness and x originates at the inner pipe
surface)

The highest value of response is obtained at x//=4/9=0.44, in the Civaux case
geometry, and for deeper points located inside of the pipe-wall values go down for
the whole range of frequencies.

4.3 Modeling of the Stress Response to Random Thermal Input

To obtain the stress frequency response function a similar approach as in the
previous chapter is used. The general solution of elastic thermal stress components
(hoop, radial and axial) due to a sinusoidal loading at the inner surface is, firstly,
derived. Subsequently, the stress frequency response is obtained by means of
temperature frequency response function, which will be used in the corresponding
analytical solution. A comparison with FEA prediction is made and a sensitivity
analysis versus frequency range as well.
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4.3.1 Analytical Solutions for Elastic Thermal Stress due to
Sinusoidal Thermal Input

For thermal stress evaluation, we assumed that the thermo-mechanical properties
are not changing during the thermal transient analyses.

The one-dimensional equilibrium equation in the radial direction for a hollow
cylinder is [7, 8,13]:

do, 40,70,
dr r

where o0, and 0y are the radial and hoop stresses respectively. In the axis
symmetric problem with small strains, the strain-displacement relations are:

=0, (4.37)

£ = d_”, (4.38)
dr

g =2, (4.39)
r

£,=0. (4.40)

where u is the radial displacement.

The displacement technique has been used to solve the axis symmetric
problems of the hollow cylinder. The components of stress in cylindrical
coordinates can be expressed as

E' [du

o, =——| L lo4v) @ 0+1+v) |, 4.41)
1-v'™ | dr r i

o, =—L . L vy O (v )|, (4.42)
1-v“| dr r ]

0,=0. (4.43)

In the case of plane strain and plane stress, the meanings of the constants from
Equations (4.41) to (4.43) are:

E
v? E-Young modulus, (4.44)

E'={1-
E
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14
V'=<1—v v Poisson’s ratio, (4.45)
|4
A+
o = o, -coefficient of the linear thermal expansion, (4.46)
(04
v,
c = 0 €, - constant axial strain for plane strain state. 4.47)
The substitution of Equations (4.41) and (4.42) in Equation (4.37) yields
d|1 d(r-u doO(r,t
a1 derw :(1+v’)-a"—( ). (4.48)
dr|r dr dr
The general solution of Equation (4.48) is
N C,
u=(1+v)-@" =[O0 ,t)r-dr+C - r+=2. (4.49)
r r

The integration constants C; and C, may be determined from the boundary
conditions. The radial stress component is negligible for thin-walled cylinder
compared to the hoop and axial stress components. The hoop and axial stress
components are given in the following relationships in the case of plane strain
[13]:

a-E| 1 *+a’
o, (r.o1) = TVL—, L0+ f(bz iaz) L(w,1)-O(r, o, t)] (4.50)
a-E| 2v
o,(r,o1)= —[ﬁ-lz(a),t) —-O(r, a),t)} for £,=0 , 4.51)
' 1-v|b —a
o,(r,,t) :ﬂ{%-lz(w,t)—(a(r, a),t)} fore=gy.  (4.52)
' 1-v|b —a

The mathematical relationships for I,(r,@t) and I(@t) are given in [7, 8].
Because we need to work on the temperature part, here are the complete
expressions for the case of sinusoidal thermal loading at the inner surface:



46 4 Stochastic Model for Thermal Fatigue Crack Growth

s ol b
I,(r,o,t) = J:@(r A)redr=kex- ;J s )= IG5, ) , (4.53)

{ {v.(s,-a)-[r-J,(s, - r)=a-T,(s,-a)]=T,(s,-@)-[r-Y,(s, - r)—a-Y,(s, a)]} |x

@ 4 (k- 5)-sin(@-1) ~ ©-cos(@-1)
X O (k-5) + &

- s2-J2(s, b)
L(wn= j@(r 0-rdr=k-m- ;—J PR T sk

{ {v.(s,-a)-[b-J,(s,-b)—a-J,(s,-a)]-T,(s,-a)-[b-Y,(s,-b)—a-Y,(s,-a)]} |

w-e
x[@o-

where s, are the positive roots of the transcendental Equation (4.16), and J, (z), Yy
(z), J;(z), Y (z) are Bessel's functions of first and second kind of order 0 and
order 1, respectively.

The complete form of Equations (4.50 to 4.52) for thermal stress components
are given in Appendix D.

kst

k- sf)-sin(a)-z)—a)-cos(a)-t)
(k-s*) + @’

4.3.2 The Stress Frequency Response Function

In the next, we only work for hoop stress component, o to find its frequency
response function, but with a similar approach one can get the frequency response
forms for radial (o, ) and axial (o, ) stress components.

The general approach is to substitute the temperature frequency response
function in the solution of thermal stress components to make possible obtaining
the stress frequency response function [14]. Here we start with processing the
relationships for integrals /;(r, @t) and I,( @t) given by Equation (4.53) and (4.54)
respectively. Substituting Equation (4.29) into integrals I,(r, @t) and I,(@t) this
yields to approximate forms

s2-J2(s -b)
I dr=k- A
(r,o,0) = j@(r Or-dr=k-m ;] . b)—JUz(s,,-a)X ,

XL{YO(sn -a)»[r-Jl(s” ‘r)y—a-J(s, -a)]—]a(s” -a)-[r-Yl(sn ‘r)—a-Y(s, -a)]}:|>< (4'55)

o sin[a)-t—(p(a),s”)]

(N 2
(k-sf) +a’
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s A,
Lw,t) = j@(r 0-r-dr=k-m- ;J . b)—Jg(s,,-a)X . (4.56)

><|:{Yn(s”~a)~[b~]l(s”~b)—a~J1(s”~a)]—J0(s”~a)~[b~Yl(s”~b)—a~Yl(s”~a)]} x
S,
sin| w-t—¢(w,s,
LIS
(k-sf) + @’

Obviously, both integrals may be written in the form similar to Equation (4.34),
such as

1, (r,o,1) {Z‘H, L (r.o,s, }sin(a)t—(p), (4.57)
n=1

Iz(a),t):G)O-[i‘H,M(w,sn)}-sin(a)t—(p). (4.58)
n=1

With the temperature response from Equation (4.36) and integrals, /,(r, @) and
I(@t) from Equations (4.57) and (4.58), the hoop stress from Equation (4.50)
becomes

o,(r,o,t)=0, -‘H% (r, a))‘-sin(a)t—¢). (4.59)

Furthermore, with processing of Equation (D1) from Appendix D, the final
form of magnitude for the stress frequency response is given by

1, (r.o)|=abs{ KL (%]Z BEATHCRUNEN
o 1-v r ) A Jo(s".b)_‘lo(sn.a)

" Y,(s, a)[r-J,(s, ) —a-J,(s,-a)]-J,(s,-a)[r-¥(s, ) —aY(s, a)]

s, \/(ksf )2 +a@’

r+a’ i $p-Jo(s,-b)
- = Js(s,-b)=J;(s,-a) (4.60)

y Y (s,-a)[b-J,(s, -b)—a-J,(s,-a)]-J (s, a)-[b-Y,(s,-b)—a-Y, (s, a)] B
sn\/(ksf)z +@’

—i s2-J2(s,-b) 1Y, (s, @) I, (5, 1) =S, (5, a) Y, (s, 7) }
S J(s, b)=Ji (s, a) s, \/(ksjf i

To see how the function for magnitude of stress frequency response works, an
analysis of predictions from Equation (4.59) with (4.60), by comparison with
those from FEA and complete analytical solution (Equation D1) is made. Figure
4.5 illustrates the agreement between all of them. As it can be seen from
comparison, one can conclude that the magnitude of stress frequency response is
reasonable described by Equation (4.59), actually in a conservative mode.
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Fig. 4.6 Magnitude of stress frequency response function versus loading frequency inside

of the pipe-wall
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The magnitude of stress frequency response has an interesting dependence on
loading frequency for points inside of the wall along the radial direction, as it is
illustrated in Figure 4.6.

Note, that frequency responses have not the same dependence for temperature
as those for hoop stress. Moreover, moving on into the pipe wall, for each location
the frequencies for which the maxima of respective response functions is reached
are not the same as well.

It is interesting to see also, how is the dependence of profiles through thickness
for stress frequency response magnitude, on the loading frequency. Figure 4.7

displays profiles of function‘H o, (r, a))‘ , given by Equation (4.60), fitted by

polynomials of 4™ order, for several frequencies in the range 0.1 Hz to 1.0 Hz.
This figure illustrates the sensitivity of magnitude of stress frequency response
function to loading frequency, for every point of wall-thickness, and should be
considered as a complement to Figure 4.6.

T
f=0.1Hz

=+=e=:={=0.3 Hz
35— ——4-———-1———— Lttt Bttt el t-———-—=-

=05 Hz []
=== {=0.8Hz

Magnitude of Hoop stress frequency response (MPa/C)

1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Normalized radial distance through thickness

Fig. 4.7 Magnitude of stress frequency response function through wall thickness versus
loading frequency inside of the pipe-wall

4.4 Stress Intensity Factor (SIF) Approach

There is assumed to be a shallow crack of infinite length on the inner surface and
parallel to the tube axis. A most-used method to obtain the stress intensity factor
K in case of through-thickness stress profile is weight-function method:
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a

K(a,a),t)zIO'g(x,a),t)M(x)dx, 4.61)

0

where M(x) is the weight function, and a is the crack depth.

In the case of analytical solution for hoop stress presented in the report, the
solving of the corresponding integral involving Bessel’s functions is
impracticable.

An alternative formulation for SIF, which has been used in previous works [10,
11], is to approximate the through-thickness profile as a function of non-
dimensional radial local coordinate (x//) originating at the internal surface of the
component, where / represents the thickness of the wall. For a long axial crack,
our approach to derive the stress intensity factors is based on the polynomial
representation of stress components through the wall-thickness of the pipe. The
fourth order polynomial distribution can be used for highly non-linear stress
distributions, such as the hoop stresses arising during a period of sinusoidal
thermal loading, by curve-fitting the analytical stress distribution.

The general form of the fourth order polynomial distribution is [15]:

2 3 4
ow=osa{fleo (i) v (7] v (7). oo

where:

0, -uniform coefficient for polynomial stress distribution (MPa);

O, -linear coefficient for polynomial stress distribution (MPa);

0, -quadratic coefficient for polynomial stress distribution (MPa);

O, -third-order order coefficient for polynomial stress distribution (MPa);

0, -fourth order coefficient for polynomial stress distribution.

To evaluate the Mode I stress intensity factor, K;, for surface crack under
thermal stresses, the procedure from ref. [18] was followed, which uses the
following relation:

K, [ﬂ: \/’Ta ~{G000+G10'1~(aj+G202~(aj +G3a3~(3j +G4a4-[3j } (4.63)
1)7\o I I I I

where G, G;, G,, G;, G, are the influence coefficients (or magnification factors).
In the case of a long axial crack and also fully circumferential crack on the inner
pipe surface, the Q parameter is considered as Q=1.

Usually, the influence coefficient values are provided in published tables as
function of the component and crack geometry, also with certain geometric/
dimensional limits. In ref. [15] these limits are
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0.0< % <038, (4.64)

2<-+<1000, (4.65)

~ |_N

Where: a- is the crack depth, I- is the wall thickness, r,= is the inner pipe radius.
For the pipe geometry of the Civaux 1 case, the ratio in Equation (4.3.5) is:

%z 13. (4.66)

Therefore, this requires a cubic spline interpolating method to be applied on
labeled data in order to provide the adequate influence coefficients Gy, G;, G, G3,
Gy, for Civaux 1 case geometry; the corresponding values are not found directly
from Table C9 of API 579 procedure [15]. Table E1 form Appendix E displays the
published values in the range of interest [15].

Based on the Table E2 (Appendix E) each influence coefficient needs a new

. . . a .. .
interpolation as a function of the — ratio, in order to consider the dependence of

the stress intensity factor K; on crack depth a . The following relationships give
the required dependence:

3 2
G{%)leﬁOSf&-(%) —1.9273-(%) +1.2123-G] +1.1143, (4.67)

3 2
G, (%}:3.5302-( j —0.4091-(%) +0.4166(%) +0.6799, (4.68)

g o5 s

3 2
a a a a
G, (7j—1.0823-(7j —0.0284-(7j +0.1364-(7] +0.4397’ 4.70)

NlQ

N'Q
NlQ
NlQ

) +0.5234 o

3 2
G, (%]:0.7044(%) +0.056~Gj +0.0914~Gj +0.3785. (471)
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A check was performed to compare the stress intensity factor calculated by the
methodology described above with that from finite-element analysis results [10].

4.4.1 The SIF Frequency Response Function

The calculation of the SIF from the surface temperature variation can be regarded

a
HK(T,a)j .

methodology was given elsewhere [16, 17], most of them using the weight
function method.

The magnitude of frequency transfer function for SIF may be written in terms
of the stress frequency response function assumed in Equation (4.60) [4]. For this,

as a frequency response calculation with modulus The

function ‘H - (r, a))‘ is written as through-thickness profile
6

H,, [f,wj‘%(w)m(w).[ﬂ%(w).(ﬂz+h3(w).(§j+h4(w)_6j4. 472)

As one can see in Figure (4.7), the fitting coefficients h; (j=0,...,4) depend on
the loading frequency @, (@w=27f). For the range of frequency 0.1 to 1.0 Hz, their
polynomial dependences on frequency are given in Appendix E. For next
convenience, the dependences are directly given as frequency in Hz.

The magnitude of SIF frequency response function (or modulus of the
frequency transfer function for SIF) is assumed to be given by

GK (%, a)]‘ . 4.73)
with

GK( ,a)j:abs{ ho(w)'Go(%]w(w)~GlGM%}%(&))'@G]'GT+. (4.74)
G,

()64 +h4(w)'G4G]'GT }

a
The relationships for G_]. (7), j=0,...,.4 are given by Equations (4.67) to

(o]

~|a

(4.71). Figure 4.8 shows the dependence of magnitude of SIF frequency response

a
Hi (7’“’)

function, , on loading frequency for various crack depths.
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Fig. 4.8 Magnitude of SIF frequency response as function on loading frequency (Hz) on
crack depth

As crack is growing into the thickness, the magnitude response is higher. Note
that for small crack depth, the magnitude of SIF response is almost the same for
the whole of frequency range, and for deeper cracks, the maximum of response is
reached for 0.2-0.3 Hz.

In the next, if we convert the frequency response function into stress intensity
factor, K, as

K(%,a},thG)o-\/im-GK(%,a))-sin(a)t—(p), (4.75)

we are able to find its dependence on loading frequency, also for various crack
depths (Figure 4.9). The examination of this behavior of Kj, which is calculated
for instant of time t=7/4 (with T= time period of loading), suggests the highest its
value for frequency f=0.3 Hz, which is in a good agreement with previous study
[11].
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Fig. 4.9 Stress intensity factor (instant T/4) using SIF frequency response function versus
crack depth

For the sake of simplicity, we designate the crack depth to the thickness ratio
as:

X =— (4.76)

where the new normalized coordinate x, originates at the inner pipe surface, and
reminds that a is crack depth of long shallow axial crack; / is the thickness of the
wall. By using the normalized coordinate, x, , then the modulus of the frequency
transfer function for SIF becomes

Hy (x,.0)| = 7T, xabs {3 h ()G, (x,)-(x,)' L. @7)
=1

The Equation (4.3.17) will be used further in application even it is based on a
single sinusoidal temperature loading.

4.4.2 Power Spectral Density of SIF and Its Spectral Moments

The analysis above has been performed by considering a sinusoidal thermal
loading of surface temperature fluctuations. For mixing tees the surface
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temperature variation will be random. For the present analysis, the input of
surface temperature fluctuations is characterized by its power spectral density
(PSD), which is the Fourier transform of the autocorrelation function. This may be
obtained from experimental measurements.

It is necessary to postulate a probability distribution functional for temperature.
This will be taken to be Gaussian, implying a Gaussian probability density
function for temperature at any instant [17]. As it was shown in previous chapters,
a Gaussian stochastic process is completely described by its PSD.

The approach followed here is to consider the temperature fluctuation and its
spectrum as a Gaussian stationary narrow-band process. In this case, following the
Equation (3.101), the magnitude of SIF frequency response function,

‘HK (xa,a))‘, relates the PSD of SIF, S, (xa,a)), and PSD of surface

temperature S{ @), respectively, as
Se (%,,@) = |H, (x,.0) S, (). (4.78)

The mean square (variance) of the SIF is given by

oo

K (x,)= [ S (x,, 0)do. (4.79)

—oo

If it is assumed that temperature's PSD is a stationary Gaussian narrow band
process, then follows that this PSD has relevant values into a limited frequency
interval. Moreover, from practical point of view here is considered the one-sided
PSD with frequency expressed in Hertz (cycles/second)

W, (f)=4r-S, (), (4.80)

w
with Wi(f) expressed in (° C)*/Hz, and f = 2— in Hz.
T

For the sake of simplicity, we shall consider the model of the PSD from Figure
3.4 (a), in a more idealized shape as it is displayed in Figure 4.10. This yields to a
mean square of temperature signal (variance) in the form

5
R (z=0)=07 = [Wo()df =Wy (i~ £,)=WirAf . @48D)
h

for a normalized stationary Gaussian random process.
By considering the one-sided PSD with frequency f expressed in Hertz then the
PSD of SIF is given by

Wy (x,. 1) =|Hy (%, £)] Wy (£). 4.82)
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Fig. 4.10 One-sided PSD for temperature fluctuations

The PSD of the thermal spectrum from Figure 4.10, can be written as

Wor =ct, f € [fl’f2]

Y o refon o] e

This in turn that one-sided PSD of K; becomes
W, (xa,f)z\HK(xa,f)fWOT. (4.84)

The Equation (4.84) will be used in the next application, but one should note
that a more general form for PSD of SIF can be manipulated in the same way to
obtain the expectation of crack propagation rate under a specific thermal spectrum.

The zero-order moment of K; PSD, which means variance of SIF for a
normalized stationary Gaussian stochastic process, is given by

1 1 £
r 2 2
K2, (x,,7=0)= [We (5,0 f) = [ [Hye (2, S ) Wordf =Wy [|H (5 £) dp = 48
g 5 i
The stochastic properties for a stationary Gaussian stochastic process are also
valid for SIF fluctuations. Thus, because the Gaussian stationary narrow-band
process is smooth and harmonic, for every peak, there is a corresponding zero up-
crossing (see Equation 3.70), and the expected rate of zero up-crossing rates
of K; is
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fa fa 5
[rwe(x,0)df || £ Hy (5. £ df
h fi

Nx,o =NK,,, =— = =— . (4.86)

1 )
[We (x,.f)ar [|Hx (x. ) af
fi /i
The frequency of peaks of any magnitude for K;, which is supposed to be a
stationary narrow-band Gaussian process, is characterized by Rayleigh's
distribution, as follows from Equation 3.80:

2 K? (x,,7=0)

rms

K
) :O = L
T (507=0)= 1 (x.c=0) P

rms

(4.87)

Equation (4.87) can be written in a complete form as function of magnitude of
SIF frequency response, by taking into account the Equation (4.85):

1 K :
fi, (x,7=0)=—F7—— exp| —— L (4.88)

)
Wor [ Gt ar | Wop [t (oo
h

Based on the knowledge of SIF frequency response magnitude, the Equation
(4.88) allows to obtain the ™ moment of Rayleigh's distribution.

4.5 Lifetime Estimation for Thermal Fatigue Crack Growth in
Mixing Tees

Present analysis assumes a Paris law for crack growth per cycle

d(l n
—=C-(AK) , 4.89
N (AK) (4.89)

where N is the number of maxima and AK is the range between the maximum and
next minimum; here we consider the range between maximum and next zero

AK =K. (4.90)

The stochastic model for thermal fatigue crack growth developed to here
include a first part for incorporating stochastic loads (derived into stochastic
behavior of K) and a second one, that deals with Monte Carlo simulation to
accommodate statistical characteristics of crack growth under constant amplitude
(C and n Paris law parameters).
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4.5.1 Expected Value of Crack Growth Rate

Time-dependent fluctuation of temperature should be correlated with time
dependent fluctuation of crack growth from Paris's law. Because the number of
loading cycles is a discrete variable with respect to the time variable, the number
of loading cycles is modified into a continuous variable by introducing an average
cyclic rate. So, when time-dependent stochastic analysis is conducted, the crack
growth rate of a random flaw size, a, should be written in the following form:

da da dN _y da
dt dN dt " dN’

where V, is the mean rate of maxima, that is constant for a Gaussian stationary
stochastic process. Moreover, for this kind of process v, may be identified with
expected rate of up-crossing rate (equal to expected rate of peak crossing)

4.91)

5 £ ,
Jrwe (o)t 2 (e O
Vy=Nio =N, = f]f = » (4.92)
[We (. r)ar |[|He (x5 df
h

h

with the significance of parameters mentioned in previous chapter.

We assume a linear summation of damage and ignore the effect of positive
minima [17], and in this case the expectation rate of crack growth in respect to
cycles is

{ } IC )" f (x,,7=0)dK . (4.93)

By inserting Equation (4.86) and re-arranging the Equation (4.93), results in

T 1 K
I: :| J —’exp ——2—’ dK . (4.94)
0 (')C T= 0) 2 Krms (xa’z-:())
This last form is the n” moment of Rayleigh's distribution, concerned on Kj:
d "o 1
E| 2 |=C[K,.(x,.7=0)] 22T 1+~ |. (4.95)
dN n

where I' is the Gamma function. Using the magnitude of SIF frequency response
yields to
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da % 2 . 1
E[E}zc- WOT}UHK(xa,f)‘ df .22r(1+;j. (4.96)

By inserting Equations 4.4.4 and 4.4.8 into Equation 4.4.3, the final form of
stochastic crack growth rate is

1
\/J.f2|HK (‘xa’f)|2 df £ " n
&, _C V5 {WM | |H,<(xa,f)|2df} -M(H%}’ (4.97)

a1 )
J {1t (5 1)

h

hi

with / being the wall thickness.
This equation may be integrated numerically to obtain the crack length, or x,, as
a function of time, when C and n a given deterministically.

4.5.2 Coupling of the Stochastic Model with the Probabilistic
Input to Assess Crack Growth Lifetime

A prospective study for the probabilistic approach of thermal fatigue in mixing
tees (Civaux 1 damage case) by limit state function and Monte Carlo simulation,
based on sinusoidal approach, has been done in a previous work [18]. In the
present work, the limit state function will be based on the Equation (4.97), and in
the next, we describe shortly the methodology used for probabilistic input to
account the variability in initial crack depth and in C scaling parameter so far.

A limit state is generally defined as a state of a structure or part of the structure
that no longer meets the requirements laid down for its performance or operation.
In another way, the limit states can be defined as a specific set of states that
separate a desired state from an undesirable state which fails to meet the design
requirements. In addition, more generally, we can say that a Limit State is a
mathematical criterion that categorizes any set of values of the relevant structural
variables (loads, material and geometrical variables) into one of two categories: a
“safe” set and a “failure” set.

A limit state of thermal fatigue damage due to thermal loading is considered a
crack penetration depth of 80% wall thickness. It is possible to define the failure
function or limit state function as a function of the number of thermal fatigue
cycles, Neyees, as [18]

8 (Ncycles ) = acr - af (Ncycle.&' ) ’ (498)

or equivalent
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a '(Nc'ces)

g(N ) =1- S odes” (4.99)
aCV

where a,, is a critical depth of the fatigue crack, corresponding to 80% of the wall-

thickness, and a,(N,..,) is the final crack depth after N cycles of thermal loading.

The failure is predicted when the number of cycles Ny, Wwill produce the

following condition
g(Ncycles) < O ’ (4100)

which means a,> a,,, failure condition.

To combine the stochastic behavior of K with statistical characteristics of crack
growth under constant amplitude (C and n Paris law parameters), and also with
initial crack depth distribution, we define the limit state function in the form

trﬁf
gt ) =1-——, (4.101)

stoch

where: t, is the reference time period for thermal fatigue crack growth under
thermal spectrum; tstoch is estimated values of the lifetime for stochastic crack
growth derived from Equation (4.97). Thus, for integrating, Equation (4.97) can be
written as

-1
1

5 2
[jszK(xa,f)zdf]
s o 4
t:znrhzf 7 T |:

X,

h

f, "o )
WOTIHK(xa,f)de} -25r(1+1] dx, (4.102)
f ) 2 { n
ctora
h

where x,; is a sample from initial crack distribution, which is supposed to be
known; the final crack size uses the same failure criterion as above, means
X.er=0a.,/1=0.8. Note that in the present study, we consider long cracks; as a
consequence, the limit state function is referred just to the crack depth.

During the Monte Carlo simulation (MCS), the trials which satisfy condition

g(ty)<0. (4.103)

are accounted as ny,; and the probability of failure for a certain period of time (¢,
is given by

n ai
P, :_Nf L (4.104)

trials

where N, 1S the total number of trials' simulation.



References 61

References

(1]

(2]

(3]

(4]

(3]

(6]

(7]

(8]

(9]

[10]

(1]

[12]

[13]

[14]

[15]

[16]

Yung-Li, L., et al.: Fatigue testing and analysis (Theory and Practice). Elsevier
Butterworth—Heinemann (2005)

Yao, J.T.P., Kozin, F., et al.: Stochastic fatigue, fracture and damage analysis.
Structural Safety 3, 231-267 (1986)

Jones, 1.S.: The frequency response model of thermal striping for cylindrical
geometries. Fatigue and Fracture of Engineering Materials and Structures 20(6),
871-882 (1997)

Jones, 1.S., Lewis, M.\W.: A frequency response method for calculating stress
intensity factors due to thermal striping loads. Fatigue and Fracture of Engineering
Materials and Structures 17(6), 709-720 (1994)

Miller, A.G.: Crack propagation due to random thermal fluctuation: effect of temporal
incoherence. International Journal of Pressure vessels and Piping 8, 15-24 (1980)
Miller, A.G.: Equivalent strain range due to random thermal fluctuations: effect of
spatial incoherence. International Journal of Pressure vessels and Piping 8, 105-130
(1980)

Radu, V., Taylor, N., Paffumi, E.: Development of new analytical solutions for elastic
thermal stress components in a hollow cylinder under sinusoidal transient thermal
loading. International Journal of Pressure Vessels and Piping 85, 885-893 (2008)
Radu, V., Paffumi, E., Taylor, N.: New analytical stress formulae for arbitrary time
dependent thermal loads in pipes. European Commission Report EUR 22802 DG
JRC, Petten, NL (June 2007)

Paffumi, E., Radu, V.: Status on the knowledge on cracks evolution under loadings
from a thermal spectrum-Crack propagation and possible arrest/penetration, published
as European Commission Report, European Communities (2009)

Radu, V., Paffumi, E., Taylor, N., Nilsson, K.-F.: Assessment of thermal fatigue
crack growth in the high cycle domain under sinusoidal thermal loading — An
application-Civaux 1 case, published as European Commission Report EUR 23223
EN, DG JRC, Petten, The Netherlands (2007), doi:DOI: 10.2790/4943 ISSN: 1018-
5593, ISBN: 978- 92-79-08218-4

Radu, V., Paffumi, E., Taylor, N., Nilsson, K.-F.: A study on fatigue crack growth in
high cycle domain assuming sinusoidal thermal loading. International Journal of
Pressure Vessels and Piping (2009), doi:10.1016/j.ijpvp, 10.007

Paffumi, E., Radu, V.: Status on the knowledge on cracks evolution under loadings
from a thermal spectrum-Crack

Propagation and possible arrest/penetration, published as European Commission
Report, European Communities (2009)

Noda, N., Hetnarski, R.B., Tanigawa, Y.: Thermal Stresses, 2nd edn. Taylor &
Francis (2003)

Heller, R.A., Thangjitham, S.: Probabilistic Methods in Thermal Stress Analysis. In:
Hetnarski, R.B. (ed.) Thermal Stress II, Elsevier Science Publishers B.V (1987)

API 579, Fitness-for-Service-API Recommended Practice 579, 1st edn. American
Petroleum Institute (January 2000)



62 4 Stochastic Model for Thermal Fatigue Crack Growth

[17] Jones, L.S., Lewis, M.W.: A frequency response method for calculating stress
intensity factors due to thermal striping loads. Fatigue and Fracture of Engineering
Materials and Structures 17(6), 709-720 (1994)

[18] Miller, A.G.: Crack propagation due to random thermal fluctuation: effect of temporal
incoherence. International Journal of Pressure vessels and Piping 8, 15-24 (1980)

[19] Radu, V., Paffumi, E., Taylor, N., Nilsson, K.-F.: A prospective study for
probabilistic approach of thermal fatigue in mixing tees, published as European
Commission Report EUR 23570EN, ISSN: 1018-5593, DG JRC, Petten, The
Netherlands (2009)



Chapter 5
Application

Abstract. The thermal fatigue damaging case from 1998, when a longitudinal
crack was discovered at the outer edge of an elbow in a mixing zone of the
Residual Heat Removal System (RHRS) of the Civaux NPP unit 1 has been
chosen to verify the stochastic model from the book. The variability in statistical
properties of material parameters is usually accounted by the statistical properties
of Paris law parameters C and n. Also, the original crack depth of flaws has a
certain probability density function, which is more related to probability of
detection based on experimental in-service inspection (ISI) results. A lognormal
probability density function of C scaling parameter and an exponential one for
initial crack depth are used to provide a probabilistic input for solving the integral
giving the crack depth as a function of time. The results of the stochastic approach
to modeling of thermal fatigue crack growth in mixing tee, completed with
probabilistic input to account variability in material characteristics, are given as
the probability of failure as a function of the time reference period.

5.1 Application of the Stochastic Model to Assess the Thermal
Fatigue Crack Growth

The previous methodology to evaluate stochastic crack growth under thermal
fluctuation will be applied to Civaux1 case, which is a very well known damaging
case on the mixing tees concern. It is shortly described in the Appendix B. The
limit state function defined by Equation (4.101) requires the probability density
functions for initial crack depth and also for C and n parameters from Paris's law.

The initial crack size distribution has a very strong influence on the
deterministic and also probabilistic assessment of a component lifetime. Usually,
the initial crack distribution involves three kinds of distributions: - crack depth
distribution, crack aspect ratio distribution, crack existence frequencies.

The present approach considers only cracks that start out as long inner surface
cracks, characterized by initial crack depth distribution as an exponential
distribution. The corresponding probability density function is

X

1 -
f(Z;ﬂ):;‘f “.220; 11>0, 5.1)
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In the present book, we adopted the pdf from equation (5.1) in the following
form

a

p(a;,ua)zLe_‘T“,OSaSao. (5.2)

a

For a pipe thickness /=9 mm as in the present work, we consider a mean value
of the crack depth as g,=1 mm and the coefficient of variation in this case is
CoV=1. The mean value of the crack depth is small, but in deterministic
assessments, this value is generally assumed as a started depth for fatigue crack
growth. The proposed value to be used for a, in Equation (5.2), which usually is
considered oo in the case of the thick pipe-wall, can be seen as cracks detected by
ISI, before assessment. Therefore, in this application, a value of three mm is
chosen, which means about 30% of the wall pipe. In this way, the cracks with
depth bigger than three mm, generated by MC sampling from exponential
distribution, are not accounted for crack growing.

The fatigue crack growth rates are calculated in the deterministic assessments
using stainless steel crack growth law given in ASME:

da n

—=C (AK 5.3
N (AK,) (5.3)

where n=3.3 is the slope of the log(da/dN) versus log(AK;) and C is a scaling
parameter. Slopes (n) and intercepts (C) for all fatigue data are usually highly
correlated. Ignoring this correlation can give misleading results in a simulation.
An alternate method to account for this correlation is to use a constant slope and
put all of variability into the intercept [1]. For a constant slope, the variability in
fatigue lives will be directly related to variability in the material constant C. The
scatter in the experimental fatigue data is represented by a lognormal distribution
for C scaling parameter, with the following pdf
,L[M]Z
% 5.4)

1 2
Ly, 0y)=—F—¢ )
f( My 0) Z'O'O\/E

where (, 0, are parameters connected with the median/mean value and standard
deviation as shown in Appendix F.

From reference [1] we consider the following parameters for lognormal
distribution of C:

- Median: Cpegian=10.04-10"% (m/cycle/ MPavm), (5.5)
- Standard deviation: 0=2.2-10"". (5.6)

With these parameters, a mean value is derived as Cyeu,= 1.664-10™"! (m/cycle/
MPavm) and coefficient of variation by CoV=1.32. The log-normal distribution is
used to produce random values for C constant in Paris's law with the following
sequence in MATLAB Statistics Toolbox:
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C=F ' (®u); 4y, O, ) ; o= - 25.3244; 0y=1.0053. (5.7)

Here F~' (d)(u); Uy, O 0) is the MATLAB function for inverse function of

log-normal CDF. The parameters t, and oy were derived with relationships from
Appendix F.

The stochastic approach presented in previous chapters requires knowledge of
statistical properties of the thermal spectrum. The Civaux case was characterized
by a temperature fluctuation [2], which is displayed in Figure 5.1.
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Temperature evolution

Fig. 5.1 Temperature fluctuations in a pipe where a thermal fatigue crack penetrated the wall

For a thermal spectrum assumed to be a stationary Gaussian stochastic process,
we use the one-sided temperature PSD, see figure 4.3.3. In this case, we choose a
value for its PSD

WT(f):

W,, =500C*/ Hz, f € [0.1,1.0] Hz
0, f€[0,0.1Hz)U(1.0Hz,o0] - (5.8)

By re-conversion using RSA method (Random Spectral Amplitudes) described
in chapter 3.2.1, we extract a sample function for temperature that is displayed in
Figure 5.2 with zero-mean, and in Figure 5.3 with a non-zero mean. For a shorter
interval, 10 seconds, Figure 5.4 shows a quite similar aspect to those reflected in
Figure 5.1.
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Fig. 5.2 Sample function of the temperature variation from PSD of a stationary Gaussian narrow-

band process, (PSD=500 C*2/Hz, frequency range=0.1-1.0 Hz, with zero-mean value)

Fig. 5.3 Sample function of the temperature variation from PSD of a stationary Gaussian narrow-

band process, (PSD=500 C*2/Hz, frequency range=0.1-1.0 Hz, with non-zero mean value)
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Fig. 5.4 A shorter time interval sequence of temperature fluctuations (from Figure 5.3)

The Monte Carlo analyses were performed by implementing in the MATLAB
environment specific scripts and described function, using a number of trials in the
range of 10*-10°. Typical histograms for both the initial crack depth and C scaling
parameter are illustrated in Figure 5.5 and Figure 5.6, respectively.

1.5
Initial crack depth (m)

Fig. 5.5 Probability density function for initial crack depth (MC simulations)
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Fig. 5.6 Probability density function for C scaling parameter (MC simulations)
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Fig. 5.7 Probabilities of failure: the stochastic modeling results of fatigue crack growth

coupled with probabilistic input for Monte Carlo simulation
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The results from analyses of stochastic modeling of fatigue crack growth due to
thermal spectrum and using probabilistic input to account variability in Paris's law
parameters and initial crack depth are displayed in Figure 5.7. The probabilities of
failure, actually defined mathematical by limit state function satisfying Equation
(4.101) are given as a function of the reference time period. It is shown also, on
the same graph, the lifetime for crack penetration through wall-piping in Civaux
case. One can see that the time of 1500 hours, which has been referred as time of
the crack penetration through the wall in an elbow region of Civaux pipe,
corresponds to a probability of failure about 80%. This value of the probability is
quite high, and we can conclude that stochastic modeling of thermal fatigue cracks
growth, coupled with probabilistic input, gives reasonable assessment of the event,
even it is performed in the elastic domain.
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Chapter 6
Conclusions

e The book proposes a stochastic model to assess thermal fatigue crack
growth in mixing tees of NPP with the temperature spectrum assumed to
be a Gaussian stationary narrow-band stochastic process. The stochastic
crack growth model includes a main part for incorporating randomness in
service loads, and also another one, which includes a description of
statistical characteristics of crack growth under constant amplitude
loadings.

e Based on the analytical solution of temperature response (Hankel
transform) within SIN-methodology, developed in past work a
temperature frequency response function through pipe thickness is
developed. By considering the analytical solution for thermal stresses
also developed in preceding work, a stress frequency response for
thermal hoop stress is derived and based on this an SIF frequency
response magnitude is obtained. For a one-sided PSD model of
temperature fluctuation, the PSD of SIF is obtained, by FRF
methodology. Consequently, the expected value of crack growth rate in
HCF domain can be assessed using the Rayleigh’s distribution moments.
The variability in Paris's law parameter is accounted and in the crack
distribution as well, and the probabilities of failure are obtained by MCS.
The methodology is used to evaluate stochastic crack growth under
thermal fluctuation in the NPP Civaux1 case, which is a very well known
damaging case on the mixing tees concern.

e The present methodology based on the stochastic modeling of thermal
fatigue crack growth can be used to analyze and improve the screening
criteria proposed to avoid cracking issues in nuclear piping, especially in
tee connection where turbulent mixing of flows with different
temperature occur.
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Appendix A
The Use of Finite Hankel Transform

The method of integral transforms may be applied to the solution of boundary-
value problems in mathematical physics [1]. Let us consider a function f{x)
defined on a prescribed finite interval (a, b). Furthermore, we consider finite
transforms of the kind

Tf (€)= [ pOK (x.€)f (x)dx . (A1)

where the prescribed function p(x) is of nature of a “weight function” [1] — in
sense of the theory of orthogonal polynomials- and function K(x,&) denotes a
prescribed function of x on the open interval (a,b) for each value of the parameter
&, whose domain is also prescribed (T is a linear operator).

For a particular problem, the form of the kernel K(x,&) requires consideration
of the solutions of the self-ad joint differential equation

L Y4 -
Lz—p(x){ s dx}ﬂ(x)z(x) 0, (A2)

where q(x)eCz[a,b] and it is assumed that g(x)/p(x)>0 for xe[a,b]. We consider
that feC'[a,b] and introduce the boundary operators M and N define as

Mf =a,f(a)+a, G , (A3)
ax x=a

Nf:blf(a)+bzgl , (A4)
X x=b

where a,, a,, b; and b, are prescribed constants. Note that at least one of the a; and
a, and at least one of b, and b, is nonzero [1]. If we denote by K(x,&,) and &, the
normalized eigenfunction and eigenvalue of Sturm-Liouville problem

(L-&)K =0, MK =NK =0, (A5)
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then the finite transform defined by equation

b
T(f:¢]=F, = p(x)K(x.¢,)dx, (A6)
has the property that if feC'[a,b] then
- K K
) o | _ b, R

In deriving the equation it was considered that a,=0 and b,=0 [1]. The
corresponding inversion formula is

T’l[fn;xJEf(x()zian(fn,x). (A8)

The finite transform corresponding to the linear operator

_d&’ L 1d v A9)

ar* rdr
which is of the form of Equation (A2) with p(x)=r, g(x)=r, I(x)=-1'r" are called
finite Hankel transforms [1]. With §=-s2 , the first of Equations (AS5) is Bessel’s

equation
d’K 1dK ([ , v
e ?EJ{S —7]=0. (A10)
If we consider the case
as<r<b, Mf=f(a), Nf=f(a) (A11)
then required solution of Equation (A10) is
K(r,s,)=J,(s,r)Y,(s,a)-J,(s,a)Y,(s,r), (A12)
where s, is a root of transcendental equation
J,(s,0)Y,(s,a)-J,(s,a)Y,(s,b)=0. (A13)

Here J(z), Y,(z), are Bessel function of first and second kind of order v.
The finite Hankel transform of third kind is defined as in reference [1] by
Equation

1, zH[f(r);g,,] =j‘lff(r)[lv(snr)YU(sna)—Jv(sna)YU(snr)]dr- (Al4)

By using the orthogonality condition for the kernel defined by Equation (A12),
[1, 2], then
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j‘r[K(r’Sn )]2 dr = 2 I:Jv(sna)]z _I:Ju(snb)]z |

) 7se (1, (s0)]

The solution f(r) may be obtained by the inversion theorem for the operator H,
[1] as

(A15)

5ilo(5,0) 1,
T, (s,0) ] =[7,(5,6)]

the sum extending over all the positive roots of Equation (A13). From Equation
(A7) the following relation

2J
H[1 0)is )= 22 0257 an

2[Jv(s“r)YU(sna)—lv(s“a)Yv(s“r)] ,  (Al6)

completes the solution for a particular problem.
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Appendix B
Description of the Civaux 1 Case

The main characteristics of the piping system from Civaux 1 case had been
described in [1,2]. Some of the features concerning on this thermal fatigue
damaging case are given in the following. In 1998, a longitudinal crack was
discovered at the outer edge of an elbow in a mixing zone of the Residual Heat
Removal System (RHRS) of the Civaux NPP unit 1. An extensive investigation
was carried out, and the conclusion was that the origin of this degradation
phenomenon was cracking by thermal fatigue. The incident was caused by
fluctuations in the temperature of the fluid downstream mixing tee. It is worth
mentioning that the time between initiation of the crack and its development to a
significant depth through the wall was only about =1500 hours, which is
surprisingly low. Metallurgical examinations revealed substantial cracks and also
some networks of small thermal fatigue cracks near the welds, but no fabrication
defects. The section of interest is shown in Figure B1. The system operated at a
pressure of 36 bars; the hot leg contains water at 180° C and the cold leg contains
water at 20°C. In the damage zone of interest the pipe inner radius was ;=120 mm
and outer radius were r, =129 mm. The material properties are shown in Table B1.

Table B1 Thermal and mechanical properties of austenitic steel (304L) at room

temperature
w kg 1
A —— =\ |a|=
e) o] < e]

1=

480 14.7 7800 16.4.10° |177.10° |03 |3.93x10°

¢ - specific heat coefficient, A - thermal conductivity, p - density, ¢ - mean
thermal expansion,
k — thermal diffusivity coefficient.
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The temperature fluctuation was reported to be in the range 20-180° C and on
the inner surface of the pipe, the maximum temperature fluctuation range was
estimated to be 120°C [3].

Maximum
damage area
(elbow extrados)

Cold flow

Hot flow

Fig. B1 The simplified sketch of piping subsystems with damaged area by thermal fatigue
cracking [1]
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Appendix C

The First Hundred Roots of the Transcendental
Equation (Civaux Pipe Geometry)

For Civaux 1 case, considering a pipe with the inner and outer radii r=0.120 m
(=0.1197m) and r,=0.129 m, the first 100 roots of the transcendental Equation (A-
13) used in the analytical solutions for temperature and stress fields are:

s, =[337.78; 675.5900; 1.0134e+003; 1.3512e+003; 1.6890e+003;
2.0268e+003; 2.3646e+003; 2.7024e+003; 3.0403e+003; 3.3781e+003;
3.7159e+003; 4.0537e+003; 4.3915e+003; 4.7293e+003; 5.0671e+003;
5.4049e+003; 5.7427e+003; 6.0806e+003; 6.4184e+003; 6.7562e+003;
7.0940e+003; 7.4318e+003; 7.7696e+003; 8.1074e+003; 8.4452e+003;
8.7830e+003; 9.1208e+003; 9.4587e+003; 9.7965e+003; 1.0134e+004;
1.0472e+004; 1.0810e+004; 1.1148e+004; 1.1486e+004; 1.1823e+004;
1.2161e+004; 1.2499e+004; 1.2837e+004; 1.3175e+004; 1.3512e+004;
1.3850e+004; 1.4188e+004; 1.4526e+004; 1.4864e+004; 1.5201e+004;
1.5539e+004; 1.5877e+004; 1.6215e+004; 1.6553e+004; 1.6890e+004;
1.7228e+004; 1.7566e+004; 1.7904e+004; 1.8242e+004; 1.8580e+004;
1.8917e4+004; 1.9255e+004; 1.9593e+004; 1.9931e+004; 2.0269e+004;
2.0606e+004; 2.0944e+004; 2.1282e+004; 2.1620e+004; 2.1958e+004;
2.2295e+004; 2.2633e+004; 2.2971e+004; 2.3309e+004; 2.3647e+004;
2.3984e+004; 2.4322e+004; 2.4660e+004; 2.4998e+004; 2.5336e+004;
2.5674e+004; 2.6011e+004; 2.6349e+004; 2.6687e+004; 2.7025e+004;
2.7363e+004; 2.7700e+004; 2.8038e+004; 2.8376e+004; 2.8714e+004;
2.9052e+004; 2.9389e+004; 2.9727e+004; 3.0065e+004; 3.0403e+004;
3.0741e+004; 3.1078e+004; 3.1416e+004; 3.1754e+004; 3.2092e+004;
3.2430e+004; 3.2768e+004; 3.3105e+004; 3.3443e+004; 3.3781e+004];

By using this set of values in the analytical solutions given by Equations (D1,
D2, D3) from Appendix D, the corresponding sums will have the same number of
terms.



Appendix D: Thermal Stress Components in an
Infinite Hollow Cylinder under Sinusoidal
Thermal Loading

The thermal stress components for a hollow circular cylinder subject to sinusoidal
thermal loading are:

Hoop Thermal Stress
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Axial Thermal Stress for £,=0 (Fixed End)
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Appendix E: The Influence Coefficients G;

for Civaux Geometry and Dependence of
Coefficients Hj(®) on Loading Frequency

Table El displays the influence coefficients G; (j=0,1,2,3,4) in the range of

interest [1].

Table E1 The influence coefficients for a longitudinal infinite length surface crack in a

cylindrical shell from Table C9 -API 579

r/l a/l GO G] G2 G3 G4

5 0.0 1.12 0.682 0.5245 0.4404 0.379075
0.2 1.307452 | 0.753466 | 0.564296 | 0.466913 | 0.398757
0.4 1.8332 0.954938 | 0.676408 | 0.539874 | 0.454785
0.6 2.734052 | 1.28757 0.857474 | 0.656596 | 0.54072
0.8 3.940906 | 1.739955 | 1.10621 0.81823 0.661258

10 0.0 1.12 0.682 0.5245 0.4404 0.379075
0.2 1.332691 | 0.763153 | 0.569758 | 0.470495 | 0.401459
0.4 1.957764 | 1.002123 | 0.702473 | 0.556857 | 0.467621
0.6 3.223438 | 1.466106 | 0.953655 | 0.718048 | 0.585672
0.8 5.543784 | 2.300604 | 1.398958 | 1.000682 | 0.789201

20 0.0 1.12 0.682 0.5245 0.4404 0.379075
0.2 1.345621 | 0.768292 | 0.57256 0.472331 | 0.402984
0.4 2.028188 | 1.028989 | 0.717256 | 0.566433 | 0.475028
0.6 3.573882 | 1.594673 | 1.023108 | 0.762465 | 0.618437
0.8 7.388754 | 2.946567 | 1.736182 | 1.211533 | 0.936978

r; — inner radius; /- wall-thickness.

The results of cubic spline interpolation (MATLAB function) for the influence

r
coefficients in case of ratio -~ =~ 13 are shown in Table E2.
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Table E2 Results of cubic spline interpolations for influence coefficients for the case of an

infinite axial crack on inner pipe surface case

i/l a/l Gy G, G, G; G,

13 0.0 1.12 0.682 0.5245 0.4404 0.379075
13 0.2 1.3418 0.7667 0.5717 0.4718 0.4025
13 0.4 2.0039 1.0196 0.7121 0.5631 0.4724
13 0.6 3.4165 1.5367 0.9917 0.7424 0.6035
13 0.8 6.2878 2.5609 1.5349 1.0855 0.8487

Dependence of coefficients (@) on loading frequency.

hy(f)=10°( 0.0852-0.6924 f+1.0106 £ -0.7131 £ +0.2013 ")

Reference

ho(f)=1.8950+11.5553 f -26.4284 £ +25.9064 f - 9.3682 f

hy(f)=1.8950+11.5553 f -26.4284 f* +25.9064 - 9.3682 f

hy(f)=-43.4634+281.9147 -341.3181 f* +184.2000f -35.7704 1*

(EL)

(E2)

h(f)=-45.1660+543.2349 £ -910.2986 f* +736.5647 f — 234.9905f  (E3)

(E4)

(E5)

[1] API 579 Fitness-for-Service-API Recommended Practice 579, 1st edn. American
Petroleum Institute (January 2000)



Appendix F: The CDFs and PDFs Used for
Probabilistic Input of Stochastic Assessment
by Monte Carlo Method

a) Normal Distribution (Gauss Distribution)

Probability density function (PDF):

f(X;:U’O-): O'\/Ee

, 0o<X<o0;  —oo1<00;G2>0. (F1)

Cumulative distribution function (CDF):

S (¢—u)
F (x,,a,O')—o_ \/ﬂ_‘[ exp{— e t (F2)

oo

Note: For #=0 and o=1 we refer to this distribution as standard normal
distribution

1 -
flx)= e’ (F3)
(x) o
which has the cumulative distribution (CFD)
1% t?
DO(u)=— | exp| —— (dt (F4)
N2 _‘[@ p[ 2 }d

Moments:

mean (expected value):

BX) =t —ut )
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variance:

Var(X )= o’ (F6)

o =Var(X) (F7)

standard deviation:

b) Exponential Distribution

Probability density function (PDF):

X

1
flou)=—e* (F8)
M x>0 u>0
Cumulative distribution function (CDF):

X

Flx; ) :1_67. (F9)
Moments:
mean (expected value):
E(X)=puy=u (F10)
variance:
Var(X )= 1’ (F11)

standard deviation:

o=Var(X)=u . (F12)

The exponential (Marshal) distribution is used to produce random value for
initial crack depth a;.

c) Log-Normal Distribution
Probability density function (PDF):

1 _l[lnx—,uojz
2 o
X, Uy, 0, ) =—F—¢€ 0 (F13)
f (6 44y, 0,) PP
Cumulative Distribution Function (CDF):
11 (In()— g1, |
Fixu,,0))=——|— - at F14
(2 449, 0,) O'O\/E‘([t €xp 207 (F14)

with t, oy, parameters.
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Moments:

mean (expected value):

variance:
Var(X )= e+ (e"g - 1)
standard deviation:
o =./Var (X )
median:

med = e

89

(F15)

(F16)

(F17)

(F18)

The log-normal distribution is used to produce random values for C constant in

Paris's law.
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