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The effect of bubbles on the wall drag in a turbulent channel flow
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The effect of a few relatively large bubbles injected near the walls on the wall drag in the “minimum
turbulent channel” is examined by direct numerical simulations. A front-tracking/finite-volume
method is used to fully resolve all flow scales including the bubbles and the flow around them. The
Reynolds number, using the friction velocity and the channel half-height, is 135 and the bubbles are
54 wall units in diameter. The results show that deformable bubbles can lead to significant reduction
of the wall drag by suppression of streamwise vorticity. Less deformable bubbles, on the other hand,
are slowed down by the viscous sublayer and lead to a large increase in drag. © 2005 American
Institute of Physics. �DOI: 10.1063/1.2033547�
INTRODUCTION

Experimental studies have demonstrated that the injec-
tion of air into a turbulent boundary layer can lead to signifi-
cant reduction of the wall drag. The earliest study appears to
be that of McCormick and Bhattacharyya1 who found that
microbubbles generated by electrolysis reduced the drag of a
submerged body. Subsequent investigations by Madavan et
al.,2,3 using a flat plate mounted horizontally, with bubbles
injected below it, found drag reduction of up to 80%. See
also Ref. 4 for a review. While the early studies were moti-
vated by applications to high-speed naval vessels or projec-
tiles, later work by Japanese researchers has focused on com-
mercial vessels, where viscous drag accounts for most of the
total drag. For an overview of this work see Ref. 5. Even a
relatively small reduction of the total drag can result in sub-
stantial fuel savings for both commercial and naval ships
and/or shortened transit time. While drag reduction using
relatively small amount of air, forming bubbles, has been
demonstrated experimentally, obtaining detailed information
about the exact mechanism has been nearly impossible due
the difficulty of measuring the velocity field and the bubble
distribution. Although theoretical models based on mixing
length theories have been proposed �see Ref. 6, for example�,
they have not been based on detailed data.

It is well known that bubbles can have significant effect
on vortical flows. In the simplest case, the bubbles simply
reduce the average density of the liquid and can lead to baro-
clinic vorticity generation on a scale much larger than the
bubble size. This is, for example, the case when a bubble
cloud rises in an otherwise quiescent liquid. Bubbles can
modify turbulent flows, as discussed by Lance and Bataille,7

and Sridhar and Katz8 have shown that even a few bubbles
entrained into a large vortex can affect the vortical structure
in a very significant way. It is also known that it is possible
to manipulate turbulent boundary layers in various ways to
reduce the wall drag. Du and Karniadakis9 found, for ex-
ample, that transverse-traveling waves could generate up to
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50% drag reduction and several researchers �see Ref. 10 for
a recent contribution� have shown that the addition of poly-
mers into a turbulent boundary layer can reduce drag signifi-
cantly. Thus, it is likely that the reason for drag reduction
when bubbles are injected into a turbulent boundary layer
can be found by examining the changes in the vortical struc-
tures of the flow.

In the absence of an understanding of the exact mecha-
nisms, design and optimization of injection systems is diffi-
cult. Direct numerical simulations �DNS�, where the flow
field is found by solving the governing equations numeri-
cally on sufficiently fine grids so that all details, including
the flow around the bubbles and their shapes, are fully re-
solved, should be able to yield the necessary insight. While
DNS of homogeneous flows have a long history, DNS of
multiphase flows, where it is necessary to account for the
moving and deforming phase boundary, are more recent. Nu-
merical simulations including the interactions between the
bubbles and the fluid using simplified models have predicted
drag reduction11,12 but DNS accounting for the full interac-
tions have so far not showed any significant change in the
wall friction drag.13,14 Here, we present DNS of the effects of
bubbles on a turbulent flow, using relatively few bubbles in a
small channel with a constant flow rate, that show significant
drag reduction when the bubbles are deformable. While the
Reynolds number and the domain are small, we believe that
the results may apply to more general situations and we use
the detailed data produced by the simulations to propose a
mechanism for how the drag reduction takes place.

Our intention is to study the effect of relatively large
bubbles, such as those generated by the injection of air
through a porous plate in the wall where the bubbles form by
a breakup of the air stream. This process generally results in
bubbles of the order of 100 wall units or so. See Ref. 15 for
recent experiments of this situation. The focus in this paper
is therefore very different than in Ref. 12, where the effect of
a large number of bubbles with a diameter of 2.4 wall units
in a turbulent boundary layer was studied numerically using
fully resolved flow and a point particle model for the

bubbles. Such modeling, although clearly inappropriate for
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the larger bubbles examined here, may yield accurate results
for such small bubbles.

PROBLEM SPECIFICATION AND NUMERICAL
METHOD

To keep the computer time required for each simulation
to manageable levels, we have elected to examine the flow in
the so-called “minimum turbulent channel.” Jimenez and
Moin16 showed that while turbulent flow could be sustained
in this channel, reducing it further damped out the turbu-
lence. The domain size is ��� /2�2 units in the stream-
wise, spanwise, and wall-normal directions, respectively,
with periodic boundaries in the streamwise and spanwise di-
rections and rigid walls in the third direction. The flow rate is
kept constant with an average velocity U=0.6667 by dy-
namically adjusting the pressure gradient. The fluid density
is �=1 and the fluid kinematic viscosity is �=1/3000. The
channel Reynolds number, ReH/2=UH /�, where H=2 is the
height of the channel, is therefore 4000. For the flow without
bubbles the average pressure gradient needed to keep the
flow rate constant is 0.002 025. In terms of wall units, de-
fined by lo

+=� /u+ where u+=��w /� is the friction velocity
and �w is the average wall shear without bubbles, the size of
the channel is 424�212�270 and the Reynolds number us-
ing the friction velocity and the half-height of the channel is
Re+=u+H /2�=135. The diameter of the nondeformed
bubble is d0=0.4 or 54 wall units and surface tension ranges
from 0.002 to 0.004. We have examined three different We-
ber numbers, We=�d0�u*�2 /�, equal to 0.203, 0.270, and
0.405. The bubbles can therefore deform, particularly in re-
gions of high shear. Note that the Weber number defined in
terms of the friction velocity is equal to a Capillary number
�Ca=�V /�� if the velocity V is taken to be the velocity
difference across the bubble, given by V=d0�du /dy�
=d0��w /��. The size of the bubbles �in wall units� was se-
lected to be comparable to those found in experimental stud-
ies where air is injected through a hole or a porous plate in
the wall, and the bubbles form by a breakup of the air
stream.15 To make the simulations as easy as possible, the
density of the bubbles is one-tenth of the liquid density. The
viscosity of the bubbles and of the liquid are taken to be
equal, so the kinetic viscosity of the bubbles is ten times that
of water, comparable to what it is for air and water. This high
viscosity reduces the mobility of the bubble surface but has
little effect on the deformability of the bubbles. Small air
bubbles in water usually have a nearly immobile surface due
to contaminants and while the effect is not exactly the same
as increasing the viscosity, it is considerably easier to imple-
ment numerically. For the simulations reported here, we fol-
low the motion of 16 bubbles, with eight bubbles initially
located near each wall in a slightly perturbed regular array at
a distance of 0.375, or 50.6 wall units, from the wall. The
time for a fluid particle moving with the average velocity to
go through the channel once is 4.71 in computational units
and by the time the simulations are stopped �time 55 in com-
putational units� the bubbles have moved about 11.7 times
through the domain. When we present the results, we nondi-

+
mensionalize time by dividing by t =� /�w. Other nondimen-
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sionalizations are explained in the figure captions.
To fully resolve the fluid flow around each bubble and to

account accurately for bubble-bubble interactions and bubble
deformation, the computations were carried out by a finite-
volume/front-tracking technique where one set of equations
is used for the whole domain, including both the bubbles and
the carrying liquid. The “one-fluid” Navier-Stokes equations
is as follows:17,18

�
�u

�t
+ � � · uu = − �P + � · ���u + �uT�

+ ��
F

� fn f	�x − x f�dAf . �1�

Here, u is the velocity, P is the pressure, and � and � are the
discontinuous density and viscosity fields, respectively. 	 is a
three-dimensional 	 function constructed by repeated multi-
plication of one-dimensional 	 functions. � is twice the mean
curvature. n is a unit vector normal to the front. Formally,
the integral is over the entire front, thereby adding the 	
functions together to create a force that is concentrated at the
interface but smooth along the front. x is the point at which
the equation is evaluated and x f is the position of the front.
The singular term ensures that the momentum equation im-
plicitly contains the correct stress boundary conditions at the
interface. Both the liquid and the air are taken to be incom-
pressible, so the mass conservation equation reduces to

� · u = 0 �2�

for the whole flow field. We also take the density and viscos-
ity of each fluid to be constants.

The Navier-Stokes equations are solved by a second-
order accurate projection method, using centered differences
on a fixed, staggered grid. The bubble surface �the “front”� is
explicitly marked by connected marker points that form an
unstructured triangular grid. The front points are advected by
the flow velocity, interpolated from the fixed grid. The front
is used to update the density and viscosity at each grid point
and to find the surface tension. As the front deforms, surface
markers are dynamically added and deleted. The surface ten-
sion is represented by a distribution of singularities �	 func-
tions� located at the front. The gradients of the density and
viscosity become 	 functions when the change is abrupt
across the boundary. To transfer the front singularities to the
fixed grid, the 	 functions are approximated by smoother
functions with a compact support on the fixed grid. At each
time step, after the front has been advected, the density and
the viscosity fields are reconstructed by integration of the
smooth grid 	 function. The surface tension is then added to
the nodal values of the discrete Navier-Stokes equations. Fi-
nally, an elliptic pressure equation is solved by a multigrid
method to impose a divergence-free velocity field. For a de-
tailed description of the original method, including various
validation studies, see Refs. 17 and 18. We note that the only
other simulations of fully deformable bubbles in turbulent
flows, by Kanai and Miyata,13 and Kawamura and
Kodama,14 have been done using a similar approach.

For the simulations presented here we started with a

fully parallel code written in FORTRAN 90/95 for the simula-
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tions described by Bunner and Tryggvason.19 Three major
changes were, however, necessary for simulations of bubbles
in a turbulent channel flow. First of all, as the Reynolds
number is increased, the resolution requirement increases,
particularly at the wall. We have therefore changed the code
to accommodate nonuniform grids in the direction normal to
the wall. The grid spacing in the streamwise and the span-
wise direction is uniform. Secondly, the demand on the ad-
vection solver also increases as the Reynolds number in-
creases and we have implemented a third-order upwind
scheme �QUICK� to allow us to accurately deal with such
systems.20 Higher-order upwind schemes generally require a
broader stencil than the centered difference scheme used ear-
lier in the code and implementing the new scheme therefore
affects the parallelization as well. And thirdly, for high Rey-
nolds numbers we found increasing irregularities in the ve-
locities near the front with the original code. The original
code used a conservative form of the governing equations
and we found that a slight inconsistency between the advec-
tion of density and momentum was eliminated by using the
nonconservative form of the advection terms. Rudman21 re-
ported a similar problem and the same remedy for a Volume
of Fluid �VOF� method. The new code was tested exten-
sively by comparing it with the original code �which has
been thoroughly validated� and by grid refinement studies.

The computations were done using grids with 256
�128�256 grid points, uniformly spaced in the streamwise
and the spanwise direction but unevenly spaced in the wall-
normal direction. The smallest cell, near the wall, was
0.2104 wall units thick and the largest cell, at the center of
the channel, was 1.670 units thick. To avoid having to com-
pute the transition of the flow to turbulence, an already ex-
isting dataset was used for the initial turbulent flow,22 and the
bubbles inserted near the walls at time zero. The initial data
were computed using 65�65�65 modes, and were interpo-
lated to generate initial data on the finer grid used in our
simulations. Before adding the bubbles, we continued the
turbulence simulation to confirm that our code preserves the
statistics of the flow. Several years ago there was some de-
bate about the use of second-order finite difference methods
for turbulence simulations but our tests, in agreement with
other recent work such as that of Orlandi,23 confirmed that
such methods indeed give results comparable to those pro-
duced by higher-order spectral codes.

RESULTS

In Fig. 1 the bubbles and isocontours of the streamwise
vorticity are shown at two times, for turbulent flow without
bubbles �top row� and for two simulations with bubbles. In
the middle row We=0.203 and the bubbles deform relatively
little except those very close to the wall, but in the bottom
row, where We=0.405, the bubbles can deform more. The
left column shows the flow at t=24.3, shortly after the
bubbles are inserted into the flow. At this time the bubble
distribution is essentially the same for both cases and many
aspects of the vortical structures are the same for the bubbly
flows as for the flow without bubbles. The right column

shows the flow at t=267.3, after the bubbles have had time to
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modify the turbulence. Here there is significant difference
both in the positions of the bubbles and the vortical struc-
tures between the different cases. The yellow isocontour sur-
faces denote positive vorticity and the blue green indicates
negative vorticities. As is typical of wall-bounded turbulent
flows, the vortices are predominantly near the wall, aligned
in the streamwise direction. Although not very clear in the
figure, the positive and negative vorticity generally alternate
and for vortices close to the walls, there are wall-bounded
vortices of the opposite sign to satisfy the no-slip boundary
conditions. It is clear that for the We=0.405 case the pres-
ence of the bubbles has resulted in significant suppression of
the streamwise vorticity and a careful study of the figure �as
well as other figures that are not included� shows that next to
the walls the bubbles squeeze the vortices toward the wall as
they move over them. In addition to the bubbles and the
vorticity, the shear stress on the bottom wall is also shown
using color contours. Blue is low shear stress and red is high.
As expected for turbulent flows, the regions of high and low
shear appear as streaks elongated in the flow direction. While
the view of the bottom is partially obscured by the presence
of the bubbles and the vortices, it should be clear that at a
late time there is a significant reduction in regions of high
shear for the most deformable bubbles.

Figure 2 shows a close-up of one of the bubbles near the
top wall, from the simulations in Fig. 1 at time 24.3, looking
down the channel. In the frame on the right the bubbles
deform significantly �We=0.405� and in the left frame the
bubbles remain nearly spherical �We=0.203�, except those
very close to the wall. The velocity in a plane through the
middle of the bubble is shown by arrows and the streamwise
velocity in that plane is shown by color contours. The veloc-
ity is plotted at every grid point, giving an indication of the
resolution used for the simulations. There is a significant
difference to the degree that the bubbles are deformed, and
while the low We bubble is not completely spherical, its
deformation is relatively small compared to the high We
bubble. The deformable bubble is stretched in the flow direc-
tion �the top part of the bubble is behind the plane in which
the velocity is shown� as well as tilted toward the left. At this
early time the bubble has not affected the flow significantly,
although some differences are seen, particularly on the right
where the streamwise vortex is closer to the wall for the
deformed bubble.

The mean wall shear on the top and the bottom wall is
plotted versus time in Fig. 3 for the flow without bubbles and
the three simulations with bubbles. The flow rate is constant,
and since the domain is fairly small and the flow structure
changes with time, the total wall drag also changes with
time, even in the absence of bubbles. For the flow without
bubbles, however, the time-averaged value should remain
constant if we ran the simulation for a long enough time. The
evolution of the wall drag depends strongly on the deform-
ability of the bubbles, although the initial adjustment, after
the bubbles are added at time zero, is similar for all three
cases. For the most deformable bubbles �We=0.405� the
drag gradually decreases and by time 300 the total drag on
both walls has been reduced by nearly 20%. Although the

drag on the bottom wall continues to decrease, the drag on
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the top wall has increased again slightly near the end of the
simulation. The drag for the least deformable bubbles �We
=0.203�, on the other hand, increases rapidly after the initial
adjustment phase and while it decreases again later, particu-
larly on the top wall, it is always higher than for the flow
without bubbles. The intermediate case �We=0.270� first
shows drag increase, then falls below the no-bubble case at
time 180 or so, but not to the level seen for the more deform-
able bubbles. Near the end of the simulation the drag on the
top wall has increased again for this case. We note, as a
reference, that if the bubbles completely relaminarized the
flow, the drag would be reduced to about one-third of the
total average drag in the absence of bubbles. To assess the
changes that the addition of bubbles have on the turbulence,
we have computed the autocorrelation function for both the
flows with and without bubbles and confirmed that it is not
changed significantly when the bubbles are added and that it

shows a similar decay as reported in Ref. 16.
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The increase in the wall shear in turbulent flows over
laminar flows is due to the transfer of high-momentum fluid
to the wall by nonzero wall-normal velocity fluctuations.
Thus, it is natural to look at the �u�v�� component of the
Reynolds stress tensor and how the bubbles change it. Here,
u� is the instantaneous velocity fluctuation in the streamwise
direction and v� is the fluctuation in the wall-normal direc-
tion. The Reynolds stresses are largest in the buffer layer,
starting at about 10 wall units from the wall and reaching out
to 50–100 wall units. In Fig. 4, the average of �u�v�� over
planes parallel to the walls is plotted as a function of the
wall-normal coordinate, for the flows with and without
bubbles at two times. To give the reader a better feel for the
relative size of the bubbles, we have drawn a circle with a
diameter equal to that of the undeformed bubble on the fig-
ure. At both times the Reynolds stresses in the buffer layer,

FIG. 1. �Color�. The bubbles and iso-
contours of the streamwise vorticity
for the flows without bubbles �top
row� for We=0.203 �middle row� and
We=0.405 �bottom row�. The left col-
umn shows the flow at an early time
=24.3 and the right column is at time
=267.3, after the bubbles have had
time to modify the flow. The isosur-
faces represent the streamwise vortici-
ties of 0.181 �yellow� and −0.181
�blue�, nondimensionalized by 1/ t+.
The shear on the bottom wall is also
shown �color scale is nondimensional-
ized by the average shear in the ab-
sence of bubbles�. Red denotes high
shear and it is clear that at a late time
the shear for the We=0.405 case is
smaller than when there are no
bubbles.
for the most deformable bubbles, are significantly below the
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no-bubble case. The curve for the other two cases is less
conclusive: at the bottom wall the Reynolds stresses are very
similar to the no-bubble results but the peak at the top wall
has been reduced. We have plotted �u�v�� for a large number
Downloaded 10 Feb 2007 to 130.194.10.86. Redistribution subject to 
of intermediate times and generally find that it is lowest for
the most deformable bubble and comparable to the no-
bubble case for the less deformable bubbles. In Fig. 5 we
plot the average of the absolute value of the Reynolds

FIG. 2. �Color�. Close-up of one
bubble from the simulations shown in
Fig. 1, at time=24.3. The flow in a
plane perpendicular to the flow direc-
tion is shown by the vectors and the
streamwise velocity is shown by the
color contours. The bubble is near the
top wall. Left frame: We=0.203; right
frame: We=0.405.

FIG. 3. The mean wall shear on the
top and the bottom wall versus time
for the flows with and without
bubbles. For the no-bubbles case the
average drag remains approximately
constant but in the case with deform-
able bubbles there is a significant re-
duction in the wall drag. The shear
stress is nondimensionalized by the
average shear stress for the flow with-
out bubbles.
AIP license or copyright, see http://pof.aip.org/pof/copyright.jsp
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stresses over the computational domain versus time for all
four runs, with and without bubbles. The Reynolds stresses
for the most deformable bubbles are always significantly
lower than for the flow without bubbles, but for intermediate
deformability the relation between the Reynolds stresses and
the total drag is not very strong. The large initial drag in-
crease due to the least deformable bubbles is, for example,
not very visible in the graph.

While the Reynolds stresses change as the bubbles are
added and drag reduction correlates with smaller �u�v��, the
correlation is not as direct as one might perhaps wish. In any
case, just plotting �u�v�� does not illuminate the physical
mechanism for the change in the drag. As the suppression of
the streamwise vorticity in Fig. 1 is the most striking differ-

FIG. 4. The �u�v�� component of the Reynolds stresses versus the distance
from the bottom wall, obtained by averaging over planes parallel to the wall,
for all four simulations. The top frame is at time=97.2 and the bottom frame
at time=243. The circle shows the size of an undeformed bubble. The Rey-
nolds stresses are nondimensionalized by the friction velocity squared �u+�2.
Downloaded 10 Feb 2007 to 130.194.10.86. Redistribution subject to 
ence between cases with drag reduction and without drag
reduction, it is reasonable to look at the streamwise vorticity.
In Fig. 6 we therefore plot the square of the streamwise
vorticity, averaged over planes parallel to the walls, versus
the wall-normal coordinate at two times. We plot the vortic-
ity squared �the enstropy� since the streamwise vortices gen-
erally are of alternating signs. The vorticity is very high at
the walls due to the wall-bounded vorticity necessary to
bring the velocity induced by the streamwise vortices to
zero. Then there is another maximum in the buffer layer due
to the streamwise vortices and then there is decay toward the
middle of the channel. At the early time, when only the most
deformable bubbles result in drag reduction and the other
bubbly cases show increased drag, there is considerable in-
crease in the streamwise vorticity for the cases that show

FIG. 5. The absolute value of the
�u�v�� component of the Reynolds
stresses, nondimensionalized by the
friction velocity squared, �u+�2, aver-
aged over the computational domain,
versus time for all four simulations.

FIG. 6. The average streamwise vorticity, nondimensionalized by �1/ t+�2 at
two times versus the wall-normal coordinate, obtained by averaging over
planes parallel to the wall, for all four simulations. The top frame is at
time=24.3 and the bottom frame at time=243.
AIP license or copyright, see http://pof.aip.org/pof/copyright.jsp
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drag increase and a slight reduction for the case with the
most deformable bubbles. At the later time the reduction in
the streamwise vorticity for the most deformable bubbles is
significant. At any given time there are large fluctuations in
the vorticity profile and while the total is obviously smaller
in both cases, the pointwise values are not necessarily always
smaller. In Fig. 7 we plot the integral of the streamwise vor-
ticity squared, over the whole domain, versus time for the
flows with and without bubbles. It is immediately clear that
except for the initial transient, the evolution of the stream-
wise vorticity correlates well with the total drag. To reinforce
the correlation between the streamwise vorticity and the total
wall drag, the average drag versus the square of the stream-
wise vorticity, integrated over the computational domain for
the simulation with the most deformable bubbles �We
=0.405�, at several evenly spaced times, is shown in Fig. 8.

FIG. 8. The total drag on both walls �nondimensionalized by the average
drag for the flow without bubbles� versus the total streamwise vorticity
squared �enstropy�, nondimensionalized by �1/ t+�2, computed at several
times for the We=0.405 run. The circles are results from the 16-bubble
simulation shown in Fig. 1. The squares are from another simulation with

only four bubbles. As the enstropy is reduced, the drag decreases.

Downloaded 10 Feb 2007 to 130.194.10.86. Redistribution subject to 
We have also included a few data points from another run
with only four bubbles. Although the data have some scatter,
it is clear that there is a direct relation between the decrease
of the spanwise enstropy and the decrease in the wall drag.
Another view of the reduction of the streamwise vorticity is
shown in Fig. 9, where we plot the square of the wall-
bounded streamwise vorticity, integrated over the top and
bottom walls, versus time. This is the vorticity generated at
the wall to satisfy the no-slip boundary conditions in the
spanwise direction—not the streamwise direction—and as
the total streamwise vorticity does, it correlates very well
with the wall drag.

To examine the motion of the bubbles, we plot the wall-
normal coordinate of the bubbles versus time in Fig. 10. The
results for the We=0.405 bubbles are shown in the top frame
and for the We=0.203 bubbles in the bottom frame. While
some of the bubbles quickly move into the interior of the
channel, others slide along the walls. In general the departure
of some of the bubbles from the walls does not seem to
strongly affect the drag, and by the end of the simulation of
the most deformable bubbles, there is only one bubble left
near the bottom wall, but the drag is still being reduced.
While the bubbles gradually leave the wall, in some cases
bubbles are carried to the wall again. Indeed, the close en-
counter of bubbles with the wall seems to be the main reason
for the drag increase for the less deformable bubbles. A care-
ful study of the bottom frame of the figure shows that several
We=0.203 bubbles hit the top wall at around time 60 and
again around time 120 when the drag increases sharply.
Similarly, the drag increase on the bottom wall coincides
with the presence of several bubbles close to the wall, al-
though neither the change in bubble trajectory nor the in-
crease in the drag is as dramatic as at the top wall. The drag
increase at the top wall for the We=0.203 bubbles near the
end of the simulation �around time 300� also coincides with
the presence of bubbles close to the wall. The drag increase
on the top wall for the most deformable bubbles near the end
of the run, on the other hand, appears to be due to all the
bubbles leaving the wall. Generally we find that the less
deformable bubbles come closer to the wall than the most
deformable ones. The minimum distance, for example, be-

FIG. 7. The streamwise vorticity
squared, nondimensionalized by
�1/ t+�2, averaged over the computa-
tional domain, versus time for all four
simulations.
tween the bottom wall and a bubble center is 1.321r0 �at

AIP license or copyright, see http://pof.aip.org/pof/copyright.jsp



095102-8 Lu, Fernández, and Tryggvason Phys. Fluids 17, 095102 �2005�
around time 140� for We=0.405 and 1.068r0 �at time 235�
for We=0.203. Here, r0 is the radius of the nondeformed
bubble. For the top wall the corresponding numbers are
1.103r0 �around time 170� for We=0.405 and 0.939r0 �at
time 109� for We=0.203. Since the last distance is less than
r0, the bubble closest to the wall is obviously no longer
spherical.

To quantify the bubble deformation we follow Bunner
and Tryggvason24 and compute the square root of the ratio of
the largest and the smallest eigenvalue of the second moment
of inertia tensor 
= �Imax/ Imin�1/2, where

Iij =
1

volb
�

volb

�xi − xio��xj − xjo�dV . �3�

Here volb is the volume of the bubble and xio and xjo are the
coordinates of the bubbles in the i- and j-coordinate direc-
tions. As in Ref. 24, the volume integrals are computed as
surface integrals, using the divergence theorem. For mod-
estly deformed ellipsoids, 
 is approximately equal to the
ratio of the smallest to the longest axis. For more complex
bubble shapes, 
 is a more general definition of the bubble
deformation than the ratios of the longest and the shortest
axis and eliminates any uncertainty in identifying those axis.
In Fig. 11, we plot the deformation as defined by Eq. �3�
versus the distance of the bubble centroid from the nearest

wall for the most and least deformable bubbles. The plot was
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generated by sampling five evenly spaced times for each run,
starting at time 50. Sampling the data more frequently results
in the same trends, but a more crowded plot. The plot shows
clearly that on the average the We=0.203 bubbles are sig-
nificantly less deformed for a given distance from the wall.
There are, however, more We=0.203 bubbles located in the
high shear region next to the wall where their deformations
increase, frequently matching the deformation of the We
=0.405 bubbles further away from the wall. Far away from
the walls, where the fluid shear is small, the deformations of
all the bubbles are small and the We=0.203 bubbles, in par-
ticular, are essentially spherical.

The velocity of the bubbles, versus their location in the
wall-normal direction is shown in Fig. 12 at time 97.2 �left
column� and at time 267.3 �right column� for the most and
least deformable bubbles, We=0.405 �top row� and We
=0.203 �bottom row�, respectively. The average fluid veloc-
ity, calculated by averaging over planes parallel to the walls,
at each time is also shown. At the early times most of the
bubbles are still close to the walls but at the later times the
bubbles are more uniformly spread over the interior of the
channel. For the most deformable bubbles, the center of the
bubble closest to the wall is at 1.37r0, so there is a significant
space between the bubble surface and the wall. The less de-
formable bubbles are slightly closer at time 97.2, when the

FIG. 9. The wall-bounded streamwise
vorticity squared, nondimensionalized
by �1/ t+�2, integrated over the top and
bottom walls, versus time.
closest We=0.203 bubble is only 1.135r0 from the top wall.
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As noted above, this coincides with a particularly large drag
on the top wall. For the most part the bubbles move with
essentially the average fluid velocity and there is relatively
little slip between the bubbles and the average fluid motion.
What slip there is, however, is largest for the least defomable
bubbles that are near the walls. We have computed the rela-
tively velocity between the bubbles and the average fluid
velocity for a few times for the We=0.203 and the We
=0.405 runs and plot the results in Fig. 13. The figure con-
firms that on the average the bubble velocity is always
smaller than the fluid velocity and, on the average, the slip
velocity of the least deformable bubbles is higher than for
the most deformable ones, particularly near the end of the
simulations. The least deformable bubbles are slowed down
by partially penetrating into the slow moving fluid near the
wall. The bubble average velocity is therefore smaller than
the average fluid velocity and the bubbles hinder the fluid
motion.

FIG. 10. The wall-normal coordinate of the bubbles versus tim
We have conducted a few other simulations using fewer
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bubbles and different size bubbles. We find that even four
bubbles in the minimum turbulent channel can lead to com-
parable drag reduction, as long as the bubbles can deform.
This is consistent with Fig. 1 where several bubbles have
migrated to the interior of the channel and only a few
bubbles are located near the walls, where they can influence
the streamwise vortices. Relatively nondeformable bubbles,
on the other hand, usually do not lead to drag reduction and
can frequently increase the drag, particularly when they are
close to the walls. Smaller bubbles also seem to have smaller
effect than the bubbles shown in Figs. 1–3, although we have
not done an exhaustive study of the effect of the bubble size.

The streamwise vortical structures found in turbulent
boundary layers are generally separated by of the order of
100 wall units and the diameter of the vortex cores is con-
siderably smaller. Bubbles smaller than the core diameter are
likely to be drawn into the vortex core, but bubbles of the
size considered here, where the Stokes number is much

We=0.405 �top frame lines� and We=0.203 �bottom frame�.
larger than unity, are unlikely to be strongly affected by the
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vortex cores. Thus, while the bubbles are certainly moved by
the turbulent flow, their motion is not controlled by the
smallest turbulence scales.

We have continued the simulation of the We=0.405
bubbles using a coarser grid and find that eventually the
bubbles drift away from the wall and the drag reduction dis-
appears. While the results on the coarser grid are not as
accurate, they agree reasonably well with the results on the
finer grid for the early time and we thus believe that the
coarse grid long-time results are indicative of what would

FIG. 11. The deformation of the bubbles �defined by Eq. �3�� versus the
distance of the bubble centroid �nondimensionalized by the radius of the
initially spherical bubbles� from the nearest wall, for the most �We
=0.405� and least �We=0.203� deformable bubbles, at five evenly spaced
times.

FIG. 12. The bubble velocity and the average fluid velocity, nondimensional
for the most deformable bubbles �top row� and the nearly spherical bubbl

time=267.3.
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happen if the simulation presented here were continued. To
reduce the possibility that the results depend sensitively on
the particular flow configuration at time zero, we have also
inserted the bubbles at a later time �but using the lower grid
resolution� and found drag reduction. While the “minimum
turbulent channel” is a rather special turbulent flow in that
large asymmetries generally exist between the averaged flow
properties across the channel, we see drag reduction at both
walls, thus increasing the probability that the observed ef-
fects are generic. Furthermore, since the effect of the bubbles
is modification of turbulence in the buffer layer, it seems
reasonable to assume that enlarging the core region of the
channel would not have a significant effect.

In our simulations the drag reduction eventually disap-
pears as the bubbles disperse from the wall, and in a bound-
ary layer, where bubbles are injected at a fixed location, the
effect of the bubbles diminishes as one moves downstream
from the injection point. While the persistence of drag reduc-
tion is obviously of immense technical significance, the con-
siderations involved in persistence are likely to be different
from those addressed here �involving primarily the disper-
sion of the bubbles by the turbulence� and if a mechanism
could be found to keep the bubbles near the wall �such as
injecting under a downward facing plate� there is no reason
that the mechanism suggested here could not lead to drag
reduction that would last for a long time.

We believe that the results presented in this section allow
us to sketch a reasonably coherent, although perhaps prelimi-
nary, cartoon of how bubbles that are relatively large com-
pared to the size of the buffer layer modify the turbulence
near the wall in such a way that drag is reduced: Bubbles
moving parallel to the wall, with a distance of about one
bubble radius between the bubble surface and the wall, move

y U �the maximum laminar velocity at the same through flow�, at two times
ottom row�. The left frames are at time=97.2 and the right frames are at
zed b
es �b
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over streamwise vortices with a velocity that is higher than
the advection velocity of the vortices. The passing of the
bubbles forces the streamwise vortices closer the wall,
squeezing them toward the wall and causing mutual cancel-
lation between the streamwise vortices and the wall-bounded
vorticity of the opposite sign. This results in a reduction of
the streamwise vorticity and therefore a reduction of the
�u�v�� component of the Reynolds stress tensor. To be effec-
tive, the bubbles must be at the right distance from the wall,
and the more deformable bubbles appear to be able to slide
along the wall at the right distance. The less deformable
bubbles, on the other hand, are slowed down by reaching
into the viscous sublayer and therefore act as obstacles to the
faster moving liquid in the buffer layer. This increases drag
significantly and the absence of a long smooth “glide” over
the wall does not allow them to induce vorticity cancellation.

CONCLUSIONS

The main conclusion of the present work is that bubbles
of a size comparable to the buffer layer in a low Reynolds
number turbulent flow can generate significant drag reduc-
tion. The results also show that bubble deformability plays a
major role in determining exactly how the bubbles affect the
turbulence. While there is considerable evidence4,12 that very
small bubbles �diameter of a few wall units� reduce drag,
bubbles injected into turbulent flow are frequently much
larger.15 Yet, drag reduction is observed for these situations.
The mechanism proposed here explains how bubbles of a
size comparable to the buffer layer lead to drag reduction.
The net result—the suppression of the turbulence—is, how-
ever, also found in other drag reduction methods including
polymer injection,10 spanwise oscillations of the wall,9 and
injections of an order of magnitude smaller bubbles.12

Although these simulations are motivated in part by the
experiments reported in Ref. 15, the conditions are not iden-
tical. The Reynolds number is obviously much lower here
and we have examined a channel flow instead of a boundary
layer. However, the flow rate is kept constant here and since
the effect of the bubbles is confined to the region very near
the wall, the difference in the flow configuration away from

the wall should not have a major effect. The same argument
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applies to the Reynolds number. The nondimensional param-
eters describing the bubbles are, on the other hand, relatively
close. For a tunnel velocity of 12.76 m/s, the friction veloc-
ity reported in the experiment was about 0.4 m/s and the
mean bubble diameter was 300 �m. Thus, d+=120 and We
=0.686. While both are higher than the corresponding pa-
rameters used in this study, in part because the small size of
the channel limits the size of the bubbles that can be consid-
ered to be minimally affected by the other wall, the values
are nevertheless not too far off. We have also estimated the
Stokes number of the bubbles and the near-wall void fraction
in our simulations and in the experiment and find that they
are of the same order of magnitude. Thus we expect that the
conclusions reached here will apply to the situation studied
in Ref. 15. We note that van den Berg et al.25 have recently
also concluded, based on experimental data, that deformabil-
ity plays a major role in drag reduction by relatively large
bubbles.

Although the study presented here provides an explana-
tion for how bubbles can reduce skin friction drag in turbu-
lent flows, there are obviously many aspects that remain to
be addressed. The most obvious questions are what happens
in a larger channel and how the drag reduction depends on
the bubble size and the flow Reynolds number. While we do
not have complete results for larger channels, we have done
a few preliminary studies using a lower resolution that sug-
gest that the drag reduction seen in the minimum channel
also takes place in larger channels. These preliminary results
do, however, also indicate that the modest changes in the
turbulent characteristics, such as the spacing of the stream-
wise vortices, changes the effect that a bubble of a given size
has on the flow. We have also done a few preliminary simu-
lations to look at the effect of bubble size and generally find
that making the bubbles smaller with constant surface ten-
sion �so the bubbles become less deformable� eliminates
drag reduction, but reducing surface tension such that the
Weber number is constant can preserve drag reduction, at
least within the narrow range of parameters that we have
examined. We note that in a realistic situation where air is
injected through a hole in the wall and fluid shear tears off

FIG. 13. The average slip velocity,
nondimensionalized by U �the maxi-
mum laminar velocity at the same
through flow�, versus time for We
=0.405 �solid lines� and We=0.203
�dashed lines�. The slip is calculated at
the times marked by a circle and a
smooth curve has been fitted through
the data points.
bubbles, most of the air is likely to be contained in bubbles
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whose size falls within a narrow range. The bubbles have to
have reached a certain size for the shear to overcome surface
tension and pull the bubbles off the wall, and in high shear
large bubbles will break into smaller ones. There are, of
course, complications. Small bubbles can be formed as a
by-product when a large bubble is torn off the wall �when
thin air filament breakup into small bubbles� and bubbles can
coalesce. However, the photographs in Ref. 15 seem to sup-
port the above argument for a relatively narrow size distri-
bution, at least to the lowest order.
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