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TWO-DIMENSIONAL BULK MICROFLOW SIMULATIONS BASED
ON REGULARIZED GRAD’S 13-MOMENT EQUATIONS*

MANUEL TORRILHONT

Abstract. The newly derived fluid model named regularized 13-moment system (R13) is capable
of describing rarefied/microflows with high accuracy due to special modeling of the nonequilibrium
dissipation. Explicit two-dimensional equations are presented and discussed and a specialized nu-
merical method derived. In two dimensions evolution equations for nine basic variables need to be
solved, including directional temperatures, shear stress, and heat flux. The governing partial dif-
ferential equations are given in balance law form with relaxation and parabolic dissipation. The
numerical method is formulated as a practical and straightforward extension of standard finite vol-
ume methods. It focuses on bulk simulations with no boundary in order to provide a building block.
As a microflow example the interaction of a shock front with a dense microbubble is considered in
which the bubble’s diameter is a few mean free paths. The results are compared to the solution of
the Navier—Stokes—Fourier system demonstrating the relevance of the new R13 model.
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1. Introduction. The accurate modeling and simulation of nonequilibrium pro-
cesses in rarefied fluids or microflows is one of the main challenges in present fluid
mechanics. The traditional models developed centuries ago are known to lose their
validity in extreme physical situations. In these models the nonequilibrium variables,
stress and heat flux, are coupled with gradients of velocity and temperature as given in
the constitutive relations of Navier-Stokes and Fourier (NSF). However, in rarefied
fluids or microflows away from equilibrium the inertia and higher order multiscale
relaxation in the fluid become dominant and essential; see the textbook [23].

It is generally accepted that kinetic theory based on a statistical description of
the gas provides a valid framework to describe processes in a rarefied regime or at
small scales. Introductions into kinetic theory and its core, Boltzmann equation, can
be found in many textbooks; see, e.g., [11] or [46]. The main variable used to describe
the gas is the distribution function or probability density of the particle velocities.
This statistical description is also used in the direct simulation Monte Carlo (DSMC)
method as described in the textbook [6]. However, in many situations the detailed
statistical approach yields a far too complex description of the gas. It turns out to
be desirable to have a continuum model based on partial differential equations for
the fluid mechanical field variables. This model should accurately approximate the
multiscale phenomena present in kinetic gas theory in a stable and compact system
of field equations.

The approximation strategies in kinetic theory range from Chapman—FEnskog ex-
pansion and Burnett models to Grad’s moment method and extended thermodynam-
ics. An overview is given in section 2. This paper uses the regularized 13-moment
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system (R13) derived by Struchtrup and Torrilhon in [40]. Based on kinetic theory
the R13 system provides a continuum model for rarefied /microflow which is of higher
accuracy than other models, with smooth solutions and stable evolution in contrast to
Burnett models. It consists of evolution equations for the fluid fields density, velocity,
temperature, stress tensor, and heat flux. Equivalently, instead of the stress tensor in
the basic variables set, it can be viewed to include the three directional temperatures
and shear stresses. The evolution equations are of hyperbolic-parabolic form with re-
laxation. The relaxational and parabolic part is present only in the equations of stress
and heat flux and models the multiscale dissipation of Boltzmann’s equation; see [40].
As the Boltzmann equation the R13 system is derived for monatomic gases, and all
the results in this paper are restricted to this case. The extension to polyatomic gases
or mixtures is reserved for future work.

So far, the R13 system was derived in fully three-dimensional form, but test cases
were considered only in one dimension. Comparison to other models was conducted
by Torrilhon and Struchtrup in [44] in the case of shock wave profiles. This paper
presents the first two-dimensional results. Therefore, the two-dimensional equations
are discussed and presented in a fully explicit way in balance law form suitable for
common numerical methods. We will thoroughly derive an accurate and robust nu-
merical method designed for time dependent problems and present several numerical
experiments. The method handles a transport flux, a relaxation, and a dissipative
gradient coupled in a single standard finite volume method. The coupling is consid-
ered to be important since the solutions arise from a complex interplay of transport,
relaxation, and dissipation in the model. Stability and order of convergence of the
proposed method is investigated in numerical experiments and empirical error calcu-
lations.

As a two-dimensional microflow example we consider a shock wave interaction
with a dense bubble. In different simulations the diameter of the bubble is considered
to be 100, 20, and 10 mean free paths of the gas. As the shock front crosses the
bubble the front is distorted, inducing an additional nonequilibrium and nonuniform
flow. For small bubble diameters classical fluid models lose their validity, and the R13
system is expected to provide a physically more accurate solution. To demonstrate
this behavior the shock-bubble simulation is repeated but based on the NSF equations.
The differences are shown and discussed in detail.

A main challenge for higher order fluid models are the correct choices of boundary
conditions. For the NSF system, so-called slip boundary conditions are available; see,
e.g., the textbook [35]. The question of boundary conditions for the R13 system is
completely ignored in this paper, which must be considered as first step. After a prac-
tical two-dimensional numerical method for the bulk equations has been established
the incorporation of boundary conditions will be the next step. Promising approaches
would be a hybrid coupling between kinetic models or particle simulations and the
R13 system in the vicinity of the boundary, as is done for other continuum models;
see, e.g., [33] or [41]. The differences between the higher order R13 model and NSF
presented in this paper are not influenced by the choice of boundary conditions and
must be attributed to the poor nonequilibrium modeling inside the NSF' system.

The rest of the paper is organized as follows: The next section comments on the
different approaches of how to derive continuum models from kinetic theory and the
derivation of the regularized 13-moment system. Section 3 introduces the R13 system
in three-dimensional tensor notation and provides a balance law formulation and the
explicit two-dimensional equations. The relation to NSF and Boltzmann’s equation
will be discussed, and investigations of the propagation speeds in two dimensions are
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presented. Section 4 derives the numerical method after discussing general approaches
in the beginning. Consecutively, the transport flux and the relaxation and the dissipa-
tive gradients are treated. Numerical experiments are conducted in section 5, where
second order convergence rates are demonstrated in both one and two dimensions
and different parameter settings. Section 6 presents the results for the shock-bubble
interaction based on the R13 system and the comparison to NSF. The paper finishes
with a conclusion.

2. Continuum models in kinetic theory. The main approximation tool of
kinetic theory is based on asymptotic expansion of the distribution function in pow-
ers of the Knudsen number. The Knudsen number Kn is the dimensionless scaling
parameter entering Boltzmann’s equation. It represents the ratio of the microscopic
mean free path of the particle and a macroscopic characteristic length. The Knudsen
number becomes large for rarefied gases or microflows. In the limit Kn — 0 the
asymptotic analysis conducted in the Chapman—FEnskog expansion leads to the classi-
cal NSF relations, including specific expressions of the transport coefficients; see the
textbooks [11], [46].

The Chapman—FEnskog expansion can be used to derive higher order constitutive
relations from the Boltzmann equation. The resulting equations are called Burnett
equations for the second order and super-Burnett in the case of the third order. They
incorporate ever higher gradients of temperature and velocity into the constitutive
relations for stress and heat flux. The relations of super-Burnett order for the full
Boltzmann equation are already forbiddingly complex, and higher order was never
considered. Furthermore, in general the corrections of higher than first order, i.e.,
Burnett and super-Burnett relations, are known to be unstable, as shown by Bobylev
in [7]. In special cases the Burnett equations have been used to calculate higher Knud-
sen number flow, for example by Agarwal, Yun, and Balakrishnan in [2, 3], Lockerby
and Reese in [28], or Xu and Li in [48]. In some cases the instability of Burnett equa-
tions could be overcome by ad-hoc modifications as in [49] by Zhong, MacCormack,
and Chapman or in [47] by Xu. However, general stable Burnett relations that follow
rigorously from the Boltzmann equation seem not to exist.

An alternative approximation strategy in kinetic theory is given by Grad’s mo-
ment method based on Hilbert expansion of the distribution function in Hermite
polynomials. The method is described by Grad in [15] and [16]. In contrast to
Chapman—FEnskog and Burnett this method extends the set of variables of a possi-
ble continuum model beyond the fields of density, velocity, and temperature. The
additional variables are given by higher moments of the distribution function. The
13-moment case of Grad considers evolution equations for density, velocity and tem-
perature, and stress tensor and heat flux. Higher moment theories include more
moments which lack physical intuition. In the context of phenomenological ther-
modynamics extended theories proved to be successful in many test cases; see the
textbook [29] of Miiller and Ruggeri or, e.g., [20] by Jou, Casas-Vazquez, and Lebon.

Large moment systems with hundreds of variables were used to describe shock
structures; see the dissertation [4] of Au, the shock-tube experiment in the work [5]
by Au, Torrilhon, and Weiss, and heat conduction in [37] by Struchtrup. A com-
putationally useful approach to large moment systems is using comulant theory; see
[34] by Seeger and Hoffmann. However, even though the capability of Grad’s moment
method is assured by these results, its usefulness is restricted due to slow convergence.
Indeed, many moments are needed to describe high nonequilibrium which results in
large systems of partial differential equations to be solved.
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Moment systems provide a rich mathematical structure discussed, e.g., in [29] by
Miiller and Ruggeri and in [26] by Levermore. It has been argued that evolution
equations in physics should always be hyperbolic in order to provide a finite speed of
propagation. In principal the moment systems lead to stable hyperbolic equations;
however, in practical explicit systems hyperbolicity is given only in a finite range;
see also the work [21] by Junk on this issue. Furthermore, the hyperbolicity leads
to discontinuous subshock solutions in the shock profile. A variant of the moment
method has been proposed by Eu in [13] and is used, e.g., in [31] by Myong. Recently,
a 10-moment system has been used by Suzuki and van Leer in [42].

Both fundamental approaches of kinetic theory, Chapman—Enskog and Grad, ex-
hibit severe disadvantages. Higher order Chapman—Enskog expansions are unstable,
and Grad’s method introduces subshocks and shows slow convergence. It seems to be
desirable to combine both methods in order to remedy their disadvantages. Such a
hybrid approach has already been discussed by Grad in a side note in [16]. He derives
a variant of the regularized 13-moment equations given below, but surprisingly he nei-
ther gives any details nor does he use or investigate the equations. In the last 50 years
his paper [16] was cited as standard source for introduction into kinetic theory, but,
apparently, this specific idea got entirely lost and seems not to be known in present
day literature.

The Chapman—Enskog expansion is based on equilibrium, and the corrections de-
scribe the nonequilibrium vicinity. A hybrid version which uses a nonequilibrium as its
basis is discussed in [22] by Karlin et al. They deduced linearized equations with un-
specified coefficients. Starting from Burnett equations Jin and Slemrod in [18] derived
a extended system of evolution equations which resembles the regularized 13-moment
system. It is solved numerically in [19] by Jin, Pareschi, and Slemrod. However, the
tensorial structure of their relations is not in accordance with Boltzmann’s equation.
Starting from higher moment systems in [30] Miiller, Reitebuch, and Weiss discussed a
parabolization which incorporates higher order expressions into hyperbolic equations.

The regularized 13-moment equations used in this paper were rigorously derived
from Boltzmann’s equation in [40] by Struchtrup and Torrilhon. They discussed the
relations to Burnett models and proved linear stability of the derived system. The key
ingredient is a Chapman—FEnskog expansion around a pseudoequilibrium which is given
by the constitutive relations of Grad for stress tensor and heat flux. The procedure
adds second order derivatives to Grad’s evolution equations of stress and heat flux,
thus regularizing the former hyperbolic equations into a mixed hyperbolic-parabolic
system. Torrilhon and Struchtrup showed in [44] that the R13 system is in third order
correspondence with Boltzmann’s equation in powers of Kn. Thus, it must be viewed
to be on the super-Burnett level. In [44] also shock profile calculations are presented
and compared to results of other methods and to DSMC simulation results. R13
gives smooth shock profiles and shows superior agreement and stability properties.
The theoretical background of the derivation of the system has been investigated and
extended by Struchtrup in [38] and [39]. The textbook [36] by Struchtrup provides an
introduction to approximation methods in kinetic theory, including the regularized
moment equations.

3. Regularized Grad’s 13-moment equations. The derivation of the regu-
larized Grad’s 13-moment equations for monatomic gases considered in this paper have
been discussed by Struchtrup and Torrilhon in [40]. Comparisons and investigations
of the physical approximation abilities, especially for shock profiles, are conducted
in [44].
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So far, the equations have been derived in condensed three-dimensional tensor
notation. In the following section we will present equivalent formulations, such as
balance law form, suitable for common numerical methods. Fully explicit and detailed
equations are given for the two-dimensional case.

3.1. Full equations.

3.1.1. Variables. Originating from kinetic gas theory all variables of the R13
equations are based on moments of the particle velocity distribution function f(x,t,c).
The mass density

(1) o) =m [ f(xt,¢)de
R3

as well as the velocity and internal energy

(2)

Vi (X, t) =

/ ¢ fxtic)de, e(x,t) = " / L e — 0 F(xtyc) de
R3 R3

p(x,t) p(x,t) 2

form the basic equilibrium variables of the gas. The pressure is given by p = % pe due
to the assumption of monatomic gases, and we will use the temperature 6 in energy
units, i.e., p = pf. The R13 system describes the state of the gas by including the
first two nonequilibrium variables, stress tensor and heat flux,

(3) oi(x,t) = m/Rs CuCjy f(x,t,C)dC, qi(x,t) =m . %(3202 f(x,t,C)dC
which are based on the microscopic velocity C; = ¢; — v;. Angular brackets denote
the deviatoric (trace-free) and symmetric part of a tensor. The R13 equations are
evolution equations for (1)—(3).

We will mostly use indexed quantities to describe vectors and tensors and summa-
tion convention for operations between them. Bold letters will be used in occasional
invariant formulations. The Kronecker symbol é;; denotes the identity matrix I. The
stress tensor is related to the pressure tensor p;; by p;; = pd;; +04;, which will be used
frequently. In addition to the angular brackets normal brackets are used to abbreviate
the normalized sum of index-permutated tensor expressions.

3.1.2. Evolution equations. The evolution equations for density, velocity, and

internal energy are given by the conservation laws of mass, momentum, and energy,
Op + div (ov) =0

(4) Opv +div (pvv’ +pI+0) =0
O (ps + %pv?) + div (pev + %pv2v +pv+ov+ q) =0

)
i
)

including the stress tensor ¢ and the heat flux q. The R13 equations can be viewed as
a generalized constitutive theory for stress tensor and heat flux. The standard local
relations of NSF are extended to form full evolution equations for o;; and ¢;. They
are given by

doij  Ooi vk 48(1(i+2p811(i vy Omyjk

(5) at Oz, 50z Iy
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for the stress and

8qi 8(]1"016 5 a0 5 00 0o, ' g@ B @aO’jk
©) 5 T o, T 2%0m T 2%* am TV %0 o Om
+ 7 avl 2 8vk 2 8vk 1 8le 8Uj _z

5 ka *Qkaxi +5qi8733k iaixk"‘mijkaixk— 31/(12'
for the heat flux. Both equations form quasi-linear first order equations with relax-
ation. The inverse relaxation time is given proportional to v, the local mean collision
frequency of the gas particles.

The remaining unspecified quantities are m;;; and R;;. They stem from higher
moments contributions in the transfer equations of Boltzmann’s equation. Neglecting
these contributions turns the system (4)—(6) into the classical 13-moment case of Grad
[15], [16]. In [40] gradient expressions are derived for m;j; and R;; which regularize
Grad’s equations and turn them into a highly accurate microflow model. While the
original expressions in [40] contain nonlinear terms, in this paper we restrict ourselves
to the linear parts given by

(7) Mijr = *2; Dary
Iqi 6 Jqi
= —4 — .
(8) Rit (a it g g

Equations (4)—(8) form the system of regularized 13-moment equations.

The evolution equations (5) and (6) for stress and heat flux are not in balance law
form. Usually, the constitutive theory is more easily based directly on these primitive
or internal variables. However, since the equations originated from transfer equations
in balance law form, such a formulation can be found. We have

(9)

S+ (o) .
%(Pvi) + aixk (pvivk, + Dir) o,
gt (Pu +pvivy) + % (pvivjur + 3pijvn) + 58000 + Mijk) = —VPuj),
% (2¢; + 2pi;jv; + 3pv; + pviv?)

+ a%c (Bqqon + pi (10 +02) + (3p + pv2) viv

+4vipjvey + 2 (26ikq; + maks) vj — 20p8i + Rir) = —2v(pijyv; + 2 ¢;)

as the R13 system equivalent to (4)—(6). Here the evolved quantities are the so-called
convective moments. In this formulation it turned out to be more natural to use
the pressure tensor p;; as variable. Hence, the energy equation and the equation
for the stress tensor are merged into a single row in (9). The energy equation may
be recovered by taking the trace of this row. Apparently, this is the first time that
Grad’s 13-moment equations are explicitly given in full three-dimensional balance law
formulation in the literature.
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The system (9) has the form
(10) 8,U +divF (U) = P (U)

with a flux function F and a relaxational source P. In the regularized case F contains
diffusive gradient terms. The convective variables are called

and the flux function may be split into the three directions and four convective vari-
ables

ez plo)y  ple)z

F(M)@ Fi(M)vy F.(M);Z

(12) FU) = FPhe Py F_(jP),z

ij

%] 1
Fi(Q)’I F(Q)y Fi(Q)’Z

K2

We note that the knowledge or implementation of the flux in a single direction suffices
to calculate the flux in any direction. This is due to Galilean invariance. If the flux
is required in the direction of the vector n, all quantities have to be rotated into this
direction. The general procedure is given by

F®= (o, MiR i, PuRiiRi;, QiR ji)

Rz‘ij(M)’x (0, MjRji, P RiiRij, QiR ji)
P),x

RikleFzgz )’ (p, MiRji, PuRikiRij, Qi Rji)

Riij(Q)’m (P, MiRji, PuRiiRij, Qi Rji)

(13) F(U) n=

with the rotation matrix R;; based on the direction n. This is equivalent to the prop-
erty of the Euler equations where the y-flux follows from the z-flux after substituting
the velocity vector (vz,vy) — (vy, —vg). In the present case the structure is more
involved due to higher tensorial degrees.

3.2. Relation to Boltzmann’s equation and NSF. We will briefly discuss
how to relate the R13 system to standard models and Boltzmann’s equation. Most of
this discussion was done in detail in [40] and [44] based on asymptotic analysis.

The mean collision frequency is given by v and appears in the right-hand side of
the R13 equations. Introducing the mean free path at a reference state by

N

(14) ="

we have the fundamental microscopic length scale. Macroscopic length and time scales
are fixed such that

(15) L/T = /8,

where /0y represents the isothermal equilibrium speed of sound. It is considered as
the velocity scale in the system. Note that all moments can be scaled by a reference
density po and appropriate powers of v/6y. The Knudsen number is defined by

o 1
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and appears as factor 1/Kn in the right-hand side of the dimensionless equations.
In those applications we have in mind that the Knudsen number is a small number,

Kn < 1. Hence, an asymptotic expansion in powers of Kn is reasonable. In the spirit

of a Chapman—Enskog expansion we write

(17) aij:o'g))—FKnaS)—&—KnQag)—i— cee

(18) g :qgo) + KngM + Kn2¢® + ...

K3 K3
for the stress tensor and heat flux. This expansion can now be introduced into the full
Boltzmann equation; see [11], [46], or any continuum model, such as the R13 system
(4)—(8). In general, the result will differ at a certain stage of the expansion. Assuming
the validity of Boltzmann’s equation, we define this difference as a measure for the
accuracy of the continuum model.

In [44] it was shown that Chapman—Enskog expansion of the R13 system leads
to the result of Boltzmann’s equation up to third order in Kn at least for the case of
Maxwell molecules. This means that any R13 result will differ from a full Boltzmann
simulation only in O (K n4). Thus, for asymptotic reasons the system is the most
accurate stable continuum model currently available.

The first order of the expansion gives the relations of NSF of compressible gas
dynamics for both the Boltzmann equation and the R13 system. The expressions are
given by

p 8’0(1‘

(19) o) = 2P _L5p 08

4 vox;

and qgl) =

This shows that for very small Knudsen numbers the R13 system will essentially
behave like the NSF equations. From (19) we can identify the transport coefficients
and relate them to the mean collision frequency in order to have a practical expression
for v. Usually the viscosity is given by

(20) 1= fio (Z))S

with a temperature exponent 0.5 < s < 1. Hence, we will use

05 .
(21) v=-2pgl-s

Ho
for the collision frequency which leads to asymptotically correct transport coefficients.
Sometimes it is asked what the transport coefficients are used for in the R13 system.
However, the term “transport coefficients,” i.e., coefficients in (19), is not defined for
the system, since the relations (19) are entirely substituted by the evolution equations
(5) and (6).

The definition of the collision frequency leads to the expression

Ho
22 Ao =
(22) ° PO\/%

for the mean free path. This differs from a standard value

3 4 o

N = —— "9
" 5p0y/Z00

given, e.g., in [11] by a factor of %\/g A~ 1.28. The definition (14) is used to avoid

(23)

additional factors in the dimensionless equations.
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3.3. Two-dimensional equations. This paper will set up numerical methods
for the R13 system in two dimensions. In two dimensions we consider the reduced
variables in the notation

Pe  Pay O
(24) v, = (Uzavya O) y  Dij = Pzy Dy 0 y @i = (Qz>Qy70)
0 0 p.

and assume homogeneity in the z-direction. Note that while the shear stresses p,.
and p,, vanish, the diagonal element p, might be different from zero. This fol-
lows from the kinetic definition of p, = [C? fdC. In the z-direction the distri-
bution function is assumed to be isotropic, but it my deviate (isotropically) from its
equilibrium value. Hence, all even moments such as p, will have a nonequilibrium
value.

Instead of the directional pressures p,, py, and p, we will consider p,, p,, and the
full pressure
(25) p= % (pz + Py +pz)
as basis variables. The single shear stress will be denoted by o := 0,y = p,y. Together
with the density we have nine independent variables for the two-dimensional R13
equations given by

(26) W = {p, vz, Vy, D, Dz, Dy, 0, G, Ay } -

In the following the abbreviation v? = v2 + v} for the square of the velocity vec-

tor is used. In one-dimensional calculations the set of variables is further reduced.
We have v, = ¢, = psy = 0 and p, = p,; hence five variables {p, vy, p, Dz, gz} re-
main. In what follows we will occasionally consider the full two-dimensional variable
set but restrict the spatial dependence to one dimension. This is sometimes called
1.5 dimensional.

As shown above the equations can be written in the balance law form

(27) U (W) +divF(W) = P(W).
Here the two-dimensional divergence div = (95, 0,) is used and the flux function is
split into F (W) = (F(W),G(W)). Since the tensorial notation in (9) does not
provide an easy detailed insight into the explicit equations we proceed with giving
explicit functions for U, F, G, and P written in the variables (26). The convective
moments are given by

p

Uy

Py

pv® + 3p
(28) UW)=| w2+ ,
PU§ + Dy
PUzVy + O

p’U$’U2 + 3pvg + 2 (pmv$ + U’Uy) + 240

puyv? + 3puy + 2 (pyvy + ovs) + 2qy
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while the flux functions are

(29)

PUz

pU3 + Po

PULVy + O

U202 + 2 (Pavz + ovy) + 3pve + 2¢s
FW) =1 pvl+ 3pzve + $q0 + Maa

pvzvi + pyve + 200y + %qz + Mayy

pUyUs + Pavy + 2005 + 2qy + My

(pv2 +3p+ 4pz) vg + (79 + 1)2) D + 4dovgvy + 3—52(111)1 + %quy —20p + ﬁzz
(pv* +3p+2(pe +py)) vovy + (70 + 30°) 0 + 2 (2vy + ¢zvy) + Ry

in the z-direction and

(30)

PUy

PULVy + O

pUy + Dy

puyv® + 2 (pyvy + ovs) + 3puy + 2qy
GW) = | poyvi 4 pavy + 200 + 2¢z + Myze

PUS + 3pyvy + ng + Myyy
PUzVy + Pys + 200y + 2qy + Mayy
(pv? 4 3p + 2 (px + py)) Vavy + (70 + 30°) 0 + 22 (g2vy + qavy) + Ry

(pv2 + 3p + 4py) vy + (70 + v%) py + dovevy, + 2 q,vy + %qzvz —20p+ Ry,

in the y-direction. A detailed inspection shows the strong structural relation between
F and G.

The fluxes require the values of m;;, and Rij = myjrVk + R;;. Using tensorial
identities the expressions (7) and (8) give in explicit two-dimensional notation

é (awpw - aa: ) - %ayo-

)

mmxm
(31) Mazy | _ fgg %@,pw - %ayp + 1%6w0 - %aypy
"m%yy v %azpy — %&;p + %8?,0 — %(%Pm
yyy
% (Oypy — Oyp) — %810
and
Rao 0 3050z + 30yay
(32) Ry | = —4; % (02qy + 0yqz) | >
Ryy

%63;(]1/ + %ax%c
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which can be directly utilized in the flux functions. In the cases m;;, = 0 and R;; = 0
the flux functions reduce to the nonregularized fluxes, called F(*) (W) and G (W).
These correspond to Grad’s 13-moment case in two dimensions.

Finally, the relaxational source is given by

0cR*
-V (pcv _p)

(33) P(W)= ) ’
—2v (ovy + (p — p) v + 242)

—2v (ovg + (py — ) vy + %qy)

which completes the system (27).

3.4. Directional temperatures. Directional temperatures are derived by in-
tegration of the distribution function multiplied by parts of the square of Cj, i.e., C2,
Cg, and C2. These integrals are part of the variable vector of the R13 system in the
form of the directional pressures p; , . given by

R3O
The directional temperatures in energy units are defined by

(35) Pe=pOs, py=p0Oy, p.=pb.

and are related to the full temperature by 6 = % 0z + 0y +06.). A directional tem-
perature model for shock waves was also considered, e.g., in [10]. If the directional

temperatures are scaled by 0, =0, /0, it follows that the constraint
(36) 0<6,<0,+6,<3

for p,q € {z,y, 2} and p # ¢. In equilibrium we have 0, = éy =0, =1.

We conclude that the set of variables of the R13 system in two space dimensions
consists of the equilibrium variables density, velocity, and full temperature and the
nonequilibrium variables x- and y-temperature, x- and y-heat flux, and the shear
stress.

Note that the normal stresses are given by

(37) Oz =p (0o —0), oyy=p(O,—0), o0..=p(0.-0).

Using the Navier—Stokes relation (19) the directional temperatures can be calculated
for any NSF simulation.

3.5. Speed of propagation. The homogeneous, nonregularized system
(38) U (W) +divFOW) =0

with vanishing productions and m;;; = R;; = 0 forms a hyperbolic system of conser-
vation laws. The propagation speeds in the one-dimensional case were studied in the
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textbook [29]. The two-dimensional equilibrium case is sketched by Grad in [16]. The
fastest propagation speed will be important in the numerical method below.

After differentiation and restriction to one dimension the system can be written
in the form
(39) oW+ AW =0

with the 9 x 9 matrix

Ug p 0 0 0 0 0 0 O

0 Uy 0 0 >0 0 0 0

0 0 Up 0 o 0 5 0 0

0 pP+ip. 20w o 0 o0 2 o0

(40) A= 0 3. 0 0 v 0 0 % o0
0 pr 20 0 0 w. 0 % 0

0 20 Py 0 0 0 v, 0 2

p@pfre) 16, 0 Izt Zore g 2 g g

%5 fe, fee B -9 0 20w,
The propagation speeds are given by the eigenvalues of A which have the form

dy

an Ny (Rl

)\/57 j:172""79’

but cannot be derived explicitly in general. In “equilibrium,” ie., 0 = ¢, = g, =0
and p, = p, = p, the values of c; are given in the form of multiple roots. They
evaluate to be

(42) {ei}, 1.5 ={0,0,%0.812, £1.183, £2.130} .

Especially the largest value takes the form

9 =2130v0 = 1.65

(43) i 5/30;
hence the propagation speed is 1.65 times the adiabatic sound speed, a value already
given by Grad [15].

There exists some confusion about the relevance of the characteristic speeds (42),
especially in comparison with the speeds of the Euler equations given by v, ++/5/30
and v, for a monatomic gas. However, to some extent this comparison is misleading.
The homogeneous system (38) must be considered as an approximation to the Boltz-
mann equation in the case of the vanishing right-hand side, i.e., Kn — oo. In that
sense the free-flight equation 9;f + ¢;0;f = 0 is substituted by the hyperbolic con-
tinuum model (38). In this model the particle propagation with real-valued velocity
is represented by discrete modes given by the characteristic speeds. The distribution
function is replaced by Dirac deltas placed at velocity values given by A; with fac-
tors such that the original distribution function is approximated. In the absence of
stress and heat flux these velocity values are specific modes given by (42) which are
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Fic. 1. Two-dimensional maximal signal speed for the homogeneous Grad’s 13-moment sys-
tem. Different nonequilibrium states distort the signal speed similar to the shape of a corresponding
distribution function.

more or less arbitrary and solely introduced by a certain choice of a finite number of
continuum variables [29].

In view of this discussion we investigate the value of the fastest propagation
speed for different values of directional temperatures, shear stress, and heat flux.
In nonequilibrium the distribution function deviates from the isotropic Maxwellian.
Different directional temperatures introduce an ellipsoidal shape, and the heat flux
specifies a preferred direction. The propagation speed of the homogeneous system (38)
mimics this behavior.

Figure 1 gives some snapshots of the two-dimensional signal speeds arising from
different nonequilibrium situations. Note that the speed in a certain direction n can
be calculated from the one-dimensional result (41) by rotating the values of heat flux
and pressure tensor into the required direction as in (13). The plots in the figure are
Friedrichs diagrams in which the fastest signal mode is displayed as parametric curve
Cmax (n) n. The line represents a wave front after one time unit started as a point from
the origin. Additionally, in each plot the shape of the stress tensor is sketched as its
action to a circular volume. The direction of the heat flux is shown as an arrow. The
directional temperatures 6, and 65 are calculated in the directions of the eigenvectors
of the stress tensor.

The upper left plot shows the isotropic equilibrium situation, the upper middle
plot the presence of stress with no heat flux, and the lower left plot the presence of
a heat flux with no stress. The remaining three plots display the interaction between
stress and heat flux in different directions. The figure demonstrates the ability of the
homogeneous system to approximate the principal shape of the underlying velocity
distribution function.

From this point of view the characteristic speeds (42) approximate the information
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transport in a noncollisional, free-flight gas with vanishing stress and heat flux. In
contrast, the Euler equations represent the case Kn — 0 and the Euler speeds the
propagation of sound waves in an equilibrium gas where collisions are dominant.
Such sound waves can be obtained from the R13 system as well when relaxation and
dissipation are included; see [40].

It is known that the expression (41) will not yield real values for all nonequilib-
rium states; see [29] or [43]. Indeed, only in some vicinity of equilibrium can this be
assured. This means the homogeneous system is hyperbolic only in a specific domain
of hyperbolicity. Loss of hyperbolicity is often brought forward as an objection against
the usefulness of, e.g., Grad’s equations. However, there is an important issue that
refutes this objection. The loss occurs only at a very high level of nonequilibrium
represented by large Knudsen numbers. At this level, the equations are not valid
because of their derivation as a model for moderate Knudsen numbers. This state-
ment can be quantitized. The analysis of hyperbolicity shows that p,,/p 2 0.2, and
qu/(p\/@)H < 0.6 leads to loss of hyperbolicity of the 13-moment case; see [29]. To
evaluate these conditions we consider the NSF relations (19) as approximation to oy;
and ¢; and deduct conditions on the relative change in velocity and temperature. We
find that

Av/\E AG/0
< << .
xS 40% and on S 16%;

i.e., relative change in velocity and temperature over a single mean free path is
restricted to be below 40% and 16%, respectively. This conditions state a strong
nonequilibrium at which the validity of the continuum model is no longer assured. In
any reasonable simulation based on the 13-moment equation such a nonequilibrium
should be avoided. Accordingly, the results in this paper stay below these values.

All this is valid for the homogeneous system without productions and higher order
contributions. In the calculations the interaction of the relaxation and dissipation with
the hyperbolic waves will lead to damped and smooth solutions. A linear analysis has
shown that all waves in the full regularized 13-moment system are entirely stable for all
wavelengths and frequencies; see [40]. Because of the interaction with relaxation and
dissipation the hyperbolic waves are less dominant in the solution than the hyperbolic
waves in the case of the Euler equations.

Due to initial layers occasional violations of hyperbolicity cannot be entirely ruled
out in a numerical simulation. Experience shows that these violations due to occa-
sional high nonequilibrium are usually quickly cured by damping and smoothing effects
in the system. However, a numerical method should be robust enough to handle such
a violation. Numerical evaluation of the eigenvalue shows that, even though some
values turn complex, there will always be a direction with a fastest speed that is real.
A wave front with partial loss of hyperbolicity is given in Figure 2. The front is torn
apart, but the general shape is still clearly visible. In particular, a maximal wave
speed can be defined.

(44)

4. Numerical method. This section will provide a robust and accurate numer-
ical method for the R13 system in two dimensions as given in (27)—(33).

4.1. Numerical approaches. The system to solve can be written in the form
(45) U +divF© (U) = P (U) + div (D(U) - grad U)

with a hyperbolic flux F(® : RY — RN*d 3 relaxational source P : RN — RN, and a
dissipative second order term with a coefficient matrix D : RN — R(Vxd)x(Nxd) The
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F1a. 2. Left: fastest wave front of the homogeneous system with loss of hyperbolicity along the
dashed line in the case of strong nonequilibrium. Right: the same situation but with the approximate
wave front obtained from the approzimation (50).

system is quasi-linear of hyperbolic-parabolic type. Apart from the relaxational source
the structure is the same as for the system of NSF for compressible gas dynamics.
The full flux is denoted by

(46) F (U,gradU) = FO (U) + D(U) - grad U

for convenience.

A standard approach for a numerical method would be to split the actual evolution
operator into the hyperbolic, parabolic, and relaxational operator and solve each
part successively within a fractional step method. Each part could be discretized in
an optimal way using an accurate method specified for the actual type of operator.
However, as mentioned above, the interplay of the different parts of the evolution
equation, i.e., transport, relaxation, and dissipation, constitutes the essential feature
of the solution behavior. Thus, a fully split method could miss the actual physics of
the system.

Numerical methods for hyperbolic conservation laws with relaxation are studied
in several papers. Typical equations considered are the Broadwell model in kinetic
theory or a 2 x 2 relaxational extension of a scalar conservation law. Grad’s 13-moment
system falls into the same class of equations. For the limit of small relaxational
times these equations reduce to an equilibrium system. In [17] Jin investigates a
splitting procedure which duplicates the analytical behavior into a stable and efficient
asymptotic preserving numerical method. This approach is refined and extended, e.g.,
in the works [9] by Caflisch, Jin, and Russo and [32] by Pareschi and Russo. Liotta,
Romano, and Russo in [27] solved Grad’s 13-moment equation in the equilibrium
limit with such an approach. The equilibrium system of the R13 equations is the
FEuler equations, since for Kn — 0 stress and heat flux vanish. For nonvanishing
Knudsen numbers stress and heat flux are nonzero, and the production terms are
interacting with the fluxes, creating a nonequilibrium solution. In this range the
numerical approach of well-balanced schemes as described by LeVeque in [25] might
be useful, especially in stationary solutions. For larger Knudsen numbers and finer
grids the parabolic part in the system introduces an additional stiffness. Explicit
methods which are simple to implement can be stabilized by using adaptive many-
stage Runge-Kutta methods as described, e.g., in [1] by Abdulle and Medovikov.

The simulations of the R13 system in this paper will focus on the range 0.01 <
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Kn < 1.0 and instationary solutions in two dimensions. So far, numerical solutions
in this setting have never been calculated. Even though an asymptotic preserving
and well-balanced scheme would be preferable, this paper will start with a standard
explicit finite volume method for (45) extended by the relaxational and dissipative
parts in a straightforward way. These extensions are stabilized to a sufficient amount
resulting in a robust and simple method for instationary R13 simulations at moderate
Knudsen numbers. The enhancement of the numerical method is left for future work.

4.2. Homogeneous hyperbolic system. We assume a finite volume discreti-
zation based on rectangular grid cells with cell centers (z;,y;) and mean cell values
Uj'; at time level n. The extension of the method to triangular grids is straightfor-
ward. The main ingredients of the method are derived for the one-dimensional case
and extended to two dimensions afterwards.

4.2.1. Second order Harten—Lax—van Leer (HLL) flux. We consider the
homogeneous hyperbolic system of the R13 equations; i.e., we neglect the source P
and the gradient terms in the flux. The numerical method is based on a HLL flux [12]
with a linear reconstruction and second order time integration; see [14] or [24].

The update itself is performed for the convective variables U, especially the con-
servative variables density, momentum density, and total energy density. However,
it is recommended to conduct the calculations of each time step of the method in
primitive variables W. We have W; = W (U;) for each cell. The update H (W™, At)
for U] uses the conservative intercell flux formulation

At /= -
(47) H(W™, A, = U (W7) + o (FHEE — FHE)
based on a standard HLL flux as given in Appendix A.
The update is used in the Heun method for time integration

UN =H (W (U"),At),
(48) U = % (v +m (v (vV),at))

using a temporary variable U") and two full time step evaluations. For the homo-
geneous system this yields second order in space and time. Several other possible
second order time integrations exist. Heun’s method has a simple structure using two
full time step evaluations. It also provides TVD properties in the context of scalar
conservation laws. The procedure (48) is the building block of our method for the
solution of the R13 equations. Relaxation and dissipation will now be incorporated
directly into the update (47) in an efficient and practical way.
The time step in (47) has to be chosen according to the stability condition

AmaxAt

— <1
Az —

(49) ;
where Apax = max (v, &+ cmax) 18 the maximal characteristic speed following from the
maximal signal speed cpax-

4.2.2. Speed approximation. The calculation of the exact eigenvalues of the
matrix (40) to obtain ¢payx is numerically expensive and lacks robustness due to the
occasional risk of existence of complex eigenvalues. We discuss two cheaper approxi-
mations for the calculation of ¢y ax.
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A detailed investigation of the eigenvalues and an empirical adjustment resulted
in a useful approximation of cyax given by

Cmax (M) () (p) _ ) (@) (lal yB-9
(50) 2 D P () () — ) (P)) mom o+ 0 () S

depending on the stress and heat flux. The values P, > are the dimensionless eigen-
values of the normalized two-dimensional pressure deviator

(51) bij = < pz/p o/p )

a/p py/p

The vector r; is the eigenvector corresponding to P;. The functions ¢ and ¢(@ cal-
culate the maximal signal speed based on the presence of only stress or only heat flux.
Again, based on empirical adjustments approximate expressions for these functions
are found to be

(52) P (P)=c0) /VO—0.9+P—0.1P?

and

(53) 9 (Q) = /(% /VB) 1 25Q — O V.

The approximation (50) is capable of describing the general shape of the two-dimen-
sional signal speed as in Figure 1. An example is given in the right-hand side of
Figure 2.

In contrast to the case of Euler equations, the nonconvective characteristic speed
¢; in the present case is direction dependent. For the calculation of an intercell flux
between two states Wy, r we define

(59) el = |emax (LOTWD)| L e = Jemae ((<1,007 5w 0|

as the maximal value to the right and to the left. These values enter the calculation
of the numerical flux above.

Vector iteration. If the maximal eigenvalue is real, vector iteration is a suitable
method since the value is needed only approximately. We briefly discuss a variant of
the method adopted to the current problem. This represents an alternative method
to calculate cpax-

In many cases, e.g., in equilibrium, the matrix A in (40) has a maximal eigenvalue
A1 and a minimal eigenvalue Ay = —A;. In such a case standard vector iteration does
not converge. The squared method given by

(55) V(k+1) _ A?v(k) )\(k) _ ||V(k+1)H

’ V]
for k = 1,2, ... starting from some initial vector V(%) converges in the sense limj_, o A*)
= |\1| = |A2|. This can be seen by considering the initial decomposition V(©) =
Z;yzl r; of V() into eigenvectors r; of A. In the special case Ay = —\; and |\j| < [\]

for j > 2 we have

N N\ 2k
(56) VE =3 02 =02 (1 ) + Y (ﬁ) r;
j=1 j=3
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and thus

N 2k
(57) AR = | A + 0( A ) .
jzz:g (Al)

The analogous result follows for regular case |A2| < |A1].

Since the eigenvalues are expected to differ only slightly between computational
grid cells the method converges fast if the current iteration vector V*) is saved for
the neighboring cell. In such an implementation the maximal eigenvalue is found in
one or two iterations up to 5% error in most cases. However, this method fails if the
largest value for |);| is based on a complex eigenvalue since its complex conjugated
counterpart spoils the convergence. This is the case for strongly disparate values of
0, and 0, and 0, < 0.2 and vanishing heat flux. Furthermore, the method yields only
the maximal spectral radius and not direction dependent values as above.

4.3. Relaxational source. The relaxational right-hand side of the R13 system
possesses a linear structure and leads to an exponential decay of stress and heat
flux with a time scale proportional to Kn~! in dimensionless formulations. To avoid
strong time step restrictions and provide the correct asymptotics special treatment is
necessary in some cases; see section 4.1. Here we present a simple extension of the
Heun method based on the linear structure of the relaxation. The stabilization and
accuracy will be sufficient for the applications with a moderate Knudsen number.

In the spatially homogeneous case the equations for stress (5) and heat flux (6)
have the form

2
(58) Oioij = —voy; and Oyq; = —3V %

which show exponential solutions for constant v. In order to incorporate this knowl-
edge into the second order Heun update (48) in a stable way we first consider a model
in the form of the scalar damped advection equation

(59) Owu + adyu = —vu
with a,v > 0 as the model for the Grad’s 13-moment system. We propose
a _ n GOt n
(60) u; ' = R(vAt)ul + Ar (u g —ul),
N 1/ ., 1) @At 1
(61) ul Tt = 3 (uZ + R (vAt) uf )+ N (Uz(_)1 — uz(- )>

with a relaxation factor R (z), where z = vAt > 0. A short calculation gives the
requirements R(0) = 1, R'(0) = —1, and R"(0) = 0 for R(z) in order to obtain an
overall second order time accuracy for (59). The presence of the relaxation changes
the CFL condition of the scheme. A von Neumann stability analysis leads to the
amplification factor

(62) G(g;z,c):%(1+(R(Z)JricsinEJrc(cosff1))2)

with z = vAt and the Courant number ¢ = aAt/Ax. A sufficient stability condition
is maxee[—r A [|[R(2) +icsing + c(cos§ — 1)|| < 1 from which we calculate —1 <
R(z) <1,¢>0, and

1—R(z)
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as enhanced CFL condition.

For R(z) =1 the stability condition reduces to the classical condition ¢ < 1. The
simple Euler method is given by R (z) = 1 — z and requires small time steps for large
v. To catch the decay of the analytical equation and produce a stable method the
relaxation factor should satisfy R (z) > 0 and lim,_. ., R (z) = 0. We propose to use

1

(64 RO =17=

as the stable relaxation factor. It satisfies the order conditions and is decaying to
zero. We note that this allows ¢ = % independent of the relaxation time 1/v.
To incorporate the relaxation factor into (47) we use the single update

n _ n At HLL HLL
(65) H (W™, AL, = U (P (W, &) + £ (FfhE - FHEE)

2

with the relaxation operator

(p, Vas vy, D) T
R (vAt) (pz —p) +p

(66) pove an = | FUAD @ =P TP

directly applied to the primitive variables following the equations (58). The Heun time
integration (48) together with (65) then provides a stabilized second order coupled
transport-relaxation update.

4.4. Dissipative fluxes. It remains to incorporate the dissipative gradient flux-
es (31) and (32) into the numerical method. Since these gradients introduce second
order spatial derivatives, the structure of the equations without relaxation corresponds
to a scalar advection-diffusion equation

(67) Oru + alyu = by u

with a diffusion coefficient g > 0. The discretization of the second order derivative
introduces a stiffness to the system which increases for finer grids or larger values of
. In many situations the usage of implicit time integrations is an appropriate choice,
especially if the operators are split into a fractional step method.

Here we will employ an explicit discretization of the diffusive terms added to
the hyperbolic flux for the sake of implementational simplicity. To some extent the
problem of stiffness can be relaxed by use of viscous or full upwinding. This stabilizes
the explicit method for Knudsen numbers Kn < 1 on moderately refined grids.

The stability for explicit schemes for (67) depends on the value of the char-
acteristic number x = 2u/(|a| Az) which corresponds to an inverse grid Reynolds
number. In a classical method the hyperbolic and parabolic parts of the diffusive
flux Flu] = au — pd,u are treated differently. The hyperbolic part aw is upwinded,
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Fic. 3. Stability condition of the explicit fully upwinded method (solid line) and an explicit
method based on central differences (dashed line). The dots represent marginally stable time step
sizes for the dissipative HLL flux. The dots follow the fully upwinded method, allowing a bigger time
step than central differences.

while the gradient is approximated by central differences. This leads to the stability
condition

1
68 <
(68) ol < =

for the Courant number ¢ = aAt/Az. If, however, the gradient is upwinded as well,
the resulting numerical flux for (67) has the form

(69) FFullUp — au? — K (6:70'“)7, ) a > 07
i+% a/u?—&-l —H (6Iu)i+1 ) a < 07

where 6, u is the cell gradient based on some reconstruction. This is easy to imple-
ment since the gradient from the reconstruction has usually been computed for the
hyperbolic part. The method follows the idea that the upwind direction at an inter-
face determines the cell which all the information should be taken from, including the
state variable itself and its gradient. This method is discussed in [45]. The stability
condition is now given in the form

L k<1,
(70) | < K1) () ~ { 1.15 = 0.15x, 1 < Kk < Ko,
- (V)

(112r)2

with a decreasing function K (") with kg ~ 4.142. K (") approximates an implicitly
given function in [45].

The stability condition (70) for the fully upwinded case allows larger time steps
than the classical method (68) with symmetric central differences for all k. The
stability gain is most pronounced in the relevant range 1 < x < 10. In that range the
time step may be up to three times bigger. Figure 3 shows the marginal stable value
for ¢ for full upwinding (solid line) and central differences (dashed line). The stability
gain due to full upwinding is clearly visible in the figure.

The question is how to extend the flux (69) to a system of equations with non-
linear flux. If all eigenvalues of the matrix (40) have the same sign, the extension is
straightforward. Hyperbolic flux and the gradients can be evaluated at the upwind
side of the cell interface. However, if the characteristic speeds point in both directions,
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the upwinding should be performed according to the decomposition into characteristic
variables given by the eigenvectors of (40). Since such a decomposition is not available
in the current method we propose using an averaging of the gradients according to
the HLL weights. The coefficients a(®1) of the HLL solver (90) are built such that
the flux is upwinded once the information flow is unidirectional. We propose simply
incorporating the gradients into the evaluation of the flux function inside the HLL
solver to obtain a dissipative numerical flux

~ 0©®
(1) FHEED (W, (W) W, (5W)) = 22 P (W (6W),)
—a©® a@®
+ L0 P (W, (6W) ) + 2 (U (W) = U (W),

The discrete gradients §W follow from the reconstruction (86) and enter the full flux
F from (46). In the case of perfectly symmetric eigenvalues the fluxes are averaged,
which results in central differences for the gradients. The numerical flux will be used
in the single update (47) which enters the Heun method (48). Note that the gradient
expressions in (31) and (32) require both z- and y-derivatives also for the calculation
of the flux in a single direction.

To verify the stability properties of the full nonlinear scheme (71) empirically we
conduct various computations with increasing time steps for different grid sizes. For
each grid size, the time step at which instability arises is recorded. The value of x
has been obtained as the maximal value of

46
T U Amax AT

for all interfaces. Note that in dimensionless formulation & is proportional to Kn/Ax.
For the numerical test smooth initial conditions were chosen as described in section 5.1
with Kn = 0.05 and end time ¢ = 0.4. Figure 3 shows the marginally stable time
steps as dots plotted over k. The points follow the stability curve (70) of the fully
upwinded scheme, which suggests that this stability condition is indeed valid for the
current nonlinear extension as well. Hence, the stability condition for the flux (71)
reads

(72) K

M At
which replaces the standard CFL condition.

In [45] also the accuracy of the fully upwinded method (69) was investigated.
Since the diffusive gradients are approximated on a one-sided basis their accuracy
formally drops to first order. However, it was shown that the method shows some
kind of superconvergence and shows second order behavior for small values of k. This
can also be observed in the current implementation; see below.

4.5. Two-dimensional method. In two-dimensional calculations the dimen-
sions are often considered separately, and a Godunov or Strang splitting method is
employed [24]. Here we use the additive splitting for better multidimensional coupling.
The full two-dimensional update based on (65) with (71) has the form

HW™, AL, =U (P (W}, At)) + A (F,H%LD - F,H%LD)

(74) i Az =3 it3,J
i ﬁ (GHLLD _ éHLLD)
Ay \Tii—3 ity )”
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The numerical flux in the y-direction G’flj "EP (W, Wr) is the direct analogue to the
T3

numerical flux in the z-direction described in (71). The dependence of the numerical
flux is given by

(75) FHLLD _ jAHLLD (W.(_) L (6W)

(+)
W W)

CYRRAEE W
which is entirely based on primitive variables and their gradients. Finally, the second
order Heun time integration (48) is used as before.

This update suffers from a more restrictive time step condition )\Sﬂx + /\Efﬁx <1
(see [14]), which could be overcome by using multidimensional corrections. They are
not considered here. The final stability is a combination of (63) and (73) in two

dimensions. We use

A At A AL 1 — H (-2vAt)
< CFL
(76) Az K(crit)( 40 ) + Ay K(crit)( 40 ) + 9 <C

v /\Srﬁx Az v /\S.{Qx Ay

with H () from (64) and K1) (k) from (70). In a simulation the number CFL < 1
has to be chosen as generalized CFL number. The time step is adapted after each
time step to satisfy (76).

5. Test calculations. In this section we will demonstrate the capability of the
proposed method for the R13 system in several numerical experiment. Studies of
empirical order of convergence are conducted.

In addition we will compare the physical behavior of the solutions with the result
of the NSF system. This will provide an insight into the relevance of the higher order
contributions of the regularized 13-moment equations at higher Knudsen numbers.
The results of the NSF system are obtained with a numerical method which resembles
the method described in the last section.

All simulations will be based on the nondimensional equations for Maxwell mole-
cules in which the collision frequency v is replaced by % in (31)-(33). The maximal
speeds were calculated using (50).

5.1. Empirical order of convergence. Exact analytical solutions of the R13
equations are available only for strongly simplified situations and initial conditions. In
such solutions most of the coupling and nonlinearity is missed. In order to challenge
the entire system and the corresponding numerical method we would like to consider
nontrivial initial conditions. The unknown analytical solution is then substituted
with a high resolution numerical approximation. In that way, the numerical error of
coarse grid approximations is estimated, and the empirical order of accuracy can be
calculated.

We choose the L!-error in the form

N, Ny

(77) lerr ()1, = > AzAy

i=1 j=1

R TIC O S

and the one-dimensional counterpart. The quantity 1) will be the density field p and
the field of heat flux component ¢, in the following.

In the first example we consider a one-dimensional process. The initial conditions
are chosen to be

1 1+ %sin T
(78) po(x) =2+ Scos(mz),  vol(z)= ( %sin(ﬂ(w) ) )
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Fic. 4. Empirical studies of errors of density p and heat flur q; in smooth numerical R13
calculations based on the presented method. The plots show the error curves for a smooth calculation
with different Knudsen numbers. The best performance is obtained in the regime of most interest,
Kn =0.01 ~0.5.

with pg = 1. The higher order quantities are set to be at equilibrium

(79) (pzvpy) = (pOap0)7 0= 0) (qwa qy) = (07 0)

initially. In the process the velocity field introduces compression and expansion into
the density which leads to nonuniform directional pressures/temperatures and nonvan-
ishing heat flux. The existence of a y-component of velocity leads to shear stress and
heat flux g,. The end time is ¢ = 0.4, and the computational domain is z € [—1, 1]
with periodical boundary conditions. The process is computed with four different
values of the Knudsen number, Kn = 1072,0.1,0.5,1.0. The “exact” solution is cal-
culated on a mesh with 2000 cells. The CFL number in (76) was chosen to be 0.9 for
all calculations.

Figure 4 shows the errors of coarse grid calculations up to 500 cells. The plots in
the figure show the error of density and heat flux for all six choices of the Knudsen
number. The results correspond to the predictions of the last section. Best perfor-
mance in terms of accuracy is achieved at Kn = 1072. In this regime convergence
rates higher than second order are observed on fine grids. For larger Knudsen num-
bers the influence of the dissipative gradient terms grows. For coarse grids the method
remains second order in accordance with the findings of [45]. Due to this initial fast
convergence the method reaches similar orders of magnitude for the errors in all larger
Knudsen number cases.

Two-dimensional case. In two dimensions we consider the smooth solution in-
duced by the initial conditions

(80)

B 1 1. _( 1+ isin(rz) + 5 cos (my)
po(x) =2+ B cos (mz) + 5 sin (7y), vo (z) = < 1 din(rz) + 10 ()

2 2
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Fic. 5. Empirical study of the errors of density p and heat flux qr of the R13 system simulated
by the numerical method in case of a smooth two-dimensional process. The figure shows results for
different Knudsen numbers.

with po = 1 and

(81) (P2, 1y) = (P0,10), =0, (4e,qy) = (0,0)

at time ¢ = 0.4 on the domain (z,y) € [—1,1]? with periodic boundary conditions.
The high resolution solution was calculated on a 500 x 500 grid. Figure 5 shows the
results for Kn = 0.1 and Kn = 0.01 obtained from calculations with a N, x N, grid
with N, = N,. The plots demonstrate the ability of the two-dimensional extension
of the numerical method. Second order is clearly achieved.

5.2. Comparison to NSF. The regularized 13-moment system has been demon-
strated to describe strong nonequilibrium processes better than classical models such
as NSF; see [40], [44]. The differences become more pronounced for higher values of
the Knudsen number Kn, i.e., for more rarefied gases or ever smaller length scales.
We will consider several processes calculated with R13 and NSF. If deviations arise,
the R13 result is expected to be more accurate.

The process originating from the initial conditions given in (78) provides a good
example for discussing the possible differences between the R13 and the NSF result.
Therefore, the NSF system is solved for the initial condition (78) and different Knud-
sen numbers. The first major difference to be discussed concerns the initial conditions.
Note that in the R13 system we need to prescribe values for the equilibrium variables
as well as for the nonequilibrium variables such as shear and heat flux. These vari-
ables are set to zero in the example (79). For the NSF system, however, only the
equilibrium variables may be prescribed, and the values of shear and heat flux follow
immediately from the fields of velocity and temperature according to the constitutive
relations (19). Hence, in the present case shear and heat flux will not vanish in the
initial conditions for the NSF system. The R13 model allows more precision in the
choice of the prescribed fields. Even though the initial conditions for shear and heat
flux are different for R13 and NSF both models predict the same behavior in the limit
Kn — 0.

Figure 6 shows the result of both models for different fields and different values
of the Knudsen number. Due to the increasing Knudsen number the computational
domain [—1, 1] can be viewed to represent an ever smaller physical range. The different
rows show the fields of full temperature, x-directional temperature, and heat flux in
the y-direction. The Knudsen number varies across the columns. The result of R13
and NSF is shown as a dark and light line, respectively. The dashed line in the first



2D SIMULATIONS BASED ON R13 EQUATIONS 719

Kn =10.01 Kn=20.1 Kn =205
09 - T .\. T 09 /(7‘ T ‘\. T 0.9 ,‘”‘ T .\' T
P \ {g.ea/éag/lnon: P , {;jé;/iag/loon: 0 /\ {gg\-/‘;ag/:on:
07 / \ 07 // 07 }/\
05 05 05 /
NEREY, \_/ N
03 03 D 03 I
-1.0 0.0 T 1.0 -1.0 0.0 T 1.0 -1.0 0.0 1 10
1.003 ] A ‘ 1.03 iation: 11 iation: A
o ot | \ o [iee || /N o Loos | / \\
YN \\ : /
1.0 1.0
/L \] \ \ \ \
\ U A IS \
0.997 0.98 0.95 =
-10 0.0 7 1.0 -1.0 0.0 T 10 210 0.0 r 1.0
A 0.06
0.001 deviation: /\ deviation: 02 /\ deviation:
a \ \100 % ay / 1100 % 0 / 1100 %

0.0

AV yf B,

-1.0 0.0 7 10 -1.0 0.0 7 L0 1.0 0.0 T L0

TN

FiG. 6. Comparison of the process resulting from the initial conditions (78) calculated with
the R13 (dark lines) and NSF (light lines) system for different Knudsen numbers. The result of
the Euler system (Kn — 0) is given in the first row as reference (dashed line). The deviation is
computed as in (82). The NSF system is not able to predict a gy heat fluz in this case, which leads
to a 100% deviation for all Knudsen numbers.

row represents the solution of the Euler equations, i.e., the case Kn — 0. Each plot
gives the maximal relative deviation which is calculated from

Hw(RlZ’,) _ ’lp(NSF) H
le 2,

(82) devrel =

for a field .

In the first column virtually no difference between R13 and NSF is visible in the
temperature field and only slightly in the z-temperature. Furthermore, the solutions
match the Euler solution. Remarkably, the heat flux ¢, gives a 100% deviation even
for small Knudsen numbers. The heat flux in the y-direction is induced by the y-
velocity field in the R13 system in the absence of any temperature gradient in the
y-direction. Hence, the NSF system cannot produce it. In fact, this effect can be
shown to be of second order influence, and, indeed, the amplitude of g, is O (an).

For the larger Knudsen number in the middle column a visible quantitative differ-
ence is present, especially in the field of 8,.. In the right column this deviation turns
into a qualitative difference. For large Knudsen numbers the dissipation is usually
over-estimated by the NSF system. This can be seen in the temperature field which
appears strongly damped in the NSF solution.

Riemann problem. The Riemann problem represents a shock-tube experiment in
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Fia. 7. Left: density and heat fluz in a Riemann problem computed with the R13 model. The
Knudsen number is Kn = 0.02 and end time t = 0.3. Right: relative deviations of the heat flux from
the heat fluz calculated with the NSF system.

which a high pressure domain is separated from a low pressure domain by a mem-
brane. The system is initially at rest and in equilibrium, and the membrane is re-
moved at t = 0. At later times the typical wave phenomena, such as shock, contact
discontinuity, and rarefaction fan, arise. At sufficiently small scales all these waves
have diffusive structures incorporating strong dissipation. We present the result of a
Riemann problem calculated with the R13 system.

The initial conditions are chosen to be

7.0,  x<0, [ 70,  z<0,
(83) po (@) = { 1.0, x>0, po (z) = { 1.0, x>0,
and
(84)

(vz,vy) = (0,0),  (pz (z),py (x)) = (po () ,po (x)), o=0, (g qy)=(0,0).

The computational domain is € [—1,1] and the end time ¢ = 0.3. The Knudsen
number controls what physical dimensions correspond to these spatial and temporal
values. Due to the strong pressure and density difference the start-up period of the
Riemann problem in which the waves develop is accompanied by strong nonequilib-
rium on small time and space scales. This start-up phase was investigated in [5]
using high order moment theories. Here we will focus on moderate scales. We use
Kn = 0.02 and conclude that the physical range covers approximately 100 mean free
paths and the end time corresponds to approximately 15 mean free-flight times.

The left-hand side of Figure 7 shows the fields of density p and heat flux g,
in a single plot. The scale of density and heat flux is given in the right- and left-
hand side, respectively. The density profile shows the rarefaction fan, the contact
“discontinuity,” and the shock which have just developed. The heat flux exhibits
three peaks, indicating the nonequilibrium attributed to the three waves. The same
process can be calculated with the NSF equations, and the relative spatial deviation
between qg(ch?’) and qf(ﬁNSF) is plotted in the right-hand side of Figure 7. The biggest
spike corresponds to the area between the shock and the contact wave which have not
yet separated.

6. Microflow example. This section is devoted to a specific flow situation in
which a shock wave interacts with a dense microbubble. The example is chosen to
demonstrate the ability of the R13 equations for two-dimensional bulk flows in the
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F1a. 8. Initial conditions for the shock-bubble interaction process. A shock wave profile prop-
agates in the x-direction and hits a dense and cold bubble. The diameter of the bubble is chosen
to be decreasing in different simulations, from 100 to 10 mean free paths. This is realized by using
different Knudsen numbers. The right-hand plots show cuts of the initial conditions along y = 0.
Due to the change of spatial scale the shock profile becomes wider for larger Knudsen numbers.

absence of boundaries. The interaction with boundaries will be investigated elsewhere.
The shock-bubble simulation is conducted for decreasing bubble diameter d from
d = 100)\g to d = 10\g, where A\g is the mean free path. The results are compared to
NSF.

6.1. Initial conditions. The scenario of the initial conditions is shown in Figure
8. A shock wave profile is situated with its density barycenter at x = —1.0 traveling
in the positive z-direction with Mach number My = 2.0 into a flow field at rest with
(p,0,p) = (1,1,1). Around (z,y) = (0.5,0.0) a circular density bubble is placed with
density distribution

(85) p(z,y) =1+ L5exp (—16 (22 +y?))

and constant pressure. The exponential is built such that only minimal interaction
between the profile and the bubble exist initially. Due to constant pressure the interior
of the bubble will be colder than the environment. The entire computational domain
is given by [—2,3] x [-1,1].

As above the simulations will be based on dimensionless equations for Maxwell
molecules in which only the Knudsen number remains to be specified. For the shock-
bubble interaction we choose Kn = 0.01,0.05,0.1; hence the distance Az = 1 cor-
responds to 100, 20, and 10 mean free paths of the reference state, respectively.
Accordingly, the diameter of the dense bubble will decrease its actual physical range.
However, the shock wave profile will be initialized in agreement with the Knudsen
number. This leads to a broader or thinner profile as indicated in the right plots of
Figure 8.

The shock wave profile was computed in a preceding one-dimensional calculation.
Starting from discontinuous states given by the Rankine-Hugoniot conditions the
time evolution was calculated until the stationary shock profile was fully developed.
The resulting profile including the profiles for heat flux and stress were used in the
initialization of the shock-bubble problem after appropriate scaling.

The shock-bubble interaction was simulated with the R13 system on 250 x 100 and
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FiG. 9. Result of the shock-bubble interaction at t = 0.8 for the dense case Kn = 0.01. The
shock front just passes the bubble. In the figure the result of the R13 system (thick line) and of the
NSF model (thin line) give essentially the same solution. The dashed lines represent the fields of
the shock front and the bubble in the unperturbed case.

500 x 200 grid cells up to time ¢t = 1.2 at which the shock position is approximately
x = 1.5. The results of both calculations did not show substantial differences, and
the solutions are considered to be converged in sufficient accuracy.

For comparison the whole simulation is repeated using the NSF system. In that
case also the shock profile was based on a preceding NSF calculation, since the shock
profile differs for both models. As mentioned above any temperature gradient induces
an immediate heat flux according to Fourier’s law. Hence, for NSF the initial con-
ditions of the shock-bubble simulation consist also of a heat flux inside the bubble.
To guarantee a fair comparison by using the same initial conditions this heat flux—
according to Fourier—is computed initially for the R13 simulations as well. However,
the inclusion of this heat flux exhibits only a little influence on the R13 result.

6.2. Results for the dense limit. The case Kn = 0.01 represents the dense or
macrolimit which we present here for reference. The result for density and temperature
at t = 0.8 along y = 0 is given in Figure 9 for both NSF and R13. At this scale the
solutions of R13 and NSF almost agree, and the solution shape is similar to the result
of Euler equations, K'n — 0 (not shown).

In the figure the shock passed through the bubble and reached approximately
x = 1.0. The profile of both the unperturbed shock wave and density bubble at
t = 0.8 are shown with dashed lines. Note that the unperturbed bubble melts slowly
due to heat conduction. As can be read from the figure the presence of the dense
bubble makes the shock slow down and produces a strong density peak behind it.
The bubble is compressed and pushed towards the shock. The solution in front of the
shock still corresponds to the unperturbed bubble.

6.3. Microcase. At Knudsen numbers larger than 0.01 the solutions of the NSF
model and the R13 equations start to deviate more and more. Due to the higher
kinetic accuracy of the R13 system we expect its solution to be the physically relevant
one.

To give an impression of the distortion of the shock front due to the bubble
Figure 10 shows three-dimensional plots of various fields at time ¢t = 0.9. The result
shown is based on Kn = 0.5 and the range x € [0,2] x [—1,1]. However, the plots in
the figure use mean free path units. The area of 40 x 40 mean free paths corresponds
approximately to 3 x 3 um? for Argon at atmospheric condition. The end time of
18 mean free-flight times corresponds roughly to 0.01 us.
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F1G. 10. Two-dimensional plots of the fields of density p, temperature 0, and heat flur (¢z,qy)
for the shock-bubble interaction. The initial diameter of the bubble ranged 20 mean free paths. The
shock front started 30 mean free paths in front of the bubble center and passed completely through it
at the time shown. Ao and 19 are the mean free path and the mean free-flight time of the reference
state in front of the shock.

At the time shown in the figure the front has fully passed through the bubble. The
bubble is now placed behind the shock. The temperature front is dented due to the
interaction. A strong kink is also visible in the soliton shaped heat flux component
¢, which interacts with the heat flux inside the bubble. The heat flux component
gy vanishes in the unperturbed shock profile. However, after the interaction with
the bubble the distortion excites this heat flux component pointing symmetrically
towards the center line. All other fields such as shear and directional temperature
exhibit corresponding behavior.

6.4. Comparison. We study the solutions of the R13 system and the NSF equa-
tions for the shock-bubble interaction. Any difference must be related to the first
order character of the constitutive relations of NSF which becomes most pronounced
for larger Knudsen numbers.

At time ¢t = 0.8 the shock front is just about to exit the bubble. This situation
shows the strongest nonequilibrium and correspondingly the strongest differences be-
tween the models. One-dimensional cuts for density p, temperature 6, and heat flux
(¢, gy) in the case Kn = 0.05 are shown in Figure 11. Density, temperature, and heat
flux component ¢, are shown along the center line y = 0, while g, follows y = —0.4.
The dashed lines in the upper two plots give a reference to the unperturbed fields of
the shock front and density bubble, respectively. The solution of the NSF system is
shown using thin lines.
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FiG. 11. Detailed study of the shock-bubble interaction at t = 0.8 for the case Kn = 0.05. The
shock front just passes the bubble. In the figure both the result of the R13 system (thick line) and
of the NSF model (thin line) are displayed. The dashed lines in the upper row represent the shock
front and the bubble in the unperturbed case.

In comparison with the dense case Kn = 0.01 the density overshoot is much
smaller and the nonmonotonicity of the temperature weaker. Generally speaking, the
NSF result overestimates the density peak and the heat flux. The maximal deviation
between the models defined in (82) is incorporated into each plot. It is maximal for
the heat flux with values around 25%. The minimum in the middle of g, is of special
interest. Even though the temperature gradient is positive in this region, the R13 heat
flux predicts a positive heat flux. This is possible, since both quantities are decoupled
in the model, accounting for the inertia in a developing heat flux. The NSF system
lacks this inertia which leads to overestimation.

The differences between the models become even stronger in the case Kn = 0.1.
At this scale the bubble has an initial diameter of 10 mean free paths. The result
at time ¢t = 0.8 is displayed in Figure 12 using the same setup as in Figure 11. The
density overshoot is further reduced and the shock front loses almost no speed while
crossing the bubble, in contrast to the Kn = 0.01 case. This is due to the fact that the
bubble contains less mass and is also more diffused at high Knudsen numbers; see the
graph of the unperturbed field. The NSF solution gives a smeared out temperature
field which leads to a mismatch in the actual shock position. The failure of NSF is
also manifested in strong 30% deviations in the heat flux.

We note that the differences originate purely from the lack of accurate high order
nonequilibrium multiscale modeling in the simple NSF system. In that sense the de-
viations are a bulk effect and can obviously not be influenced by boundary conditions
as in slip models.

7. Conclusion. A numerical method and corresponding numerical simulations
have been presented for the two-dimensional regularized 13-moment equations for
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Fic. 12. Detailed study of the R13 system (thick line) and of the NSF model (thin line) in
the shock-bubble interaction at t = 0.8 for the case Kn = 0.1. The dashed lines in the upper row
represent the shock front and the bubble in the unperturbed case. At this scale the NSF equations
show wrong results for shock position, strength, and shape.

rarefied/microflow. In contrast to other fluid models the R13 system models the
nonequilibrium dissipation with high accuracy. The two-dimensional equations and
their properties have been presented and discussed in detail. The numerical method
is derived in a straightforward coupled finite volume approach with stabilized relax-
ational and dissipative terms. Numerical experiments demonstrate both accuracy and
stability properties of the proposed method.

To demonstrate the capabilities of the method and the R13 model a special mi-
croflow example has been simulated. The process consisted of an interaction of a
shock wave and a microbubble with a diameter of a few mean free paths. Comparison
with NSF solutions shows strong deviations in the case where the diameter is below
50 mean free paths.

In future work the present method will be extended to include boundary condi-
tions using a hybrid kinetic/continuum approach. Also, the numerical method will be
enhanced to improve asymptotic properties.

Appendix A. Second order HLL flux. We assume a finite volume discreti-
zation based on rectangular grid cells with cell centers (z;,y;) and mean cell values
U;'; at time level n. The update itself is performed for the convective variables U of
the R13 system, especially the conservative variables density, momentum density, and
total energy density. However, it is recommended to conduct the calculations of each
time step of the method in primitive variables W. We have W; = W (U;) for each cell
and calculate the derivative of W from

(86) (0. W), = Wi = W1, Wig1 — W)

E%’(
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In general ¢ is a limiter function which avoids oscillations in the reconstructed function
for W. For smooth solutions it suffices to use ¢ (di,d2) = 3 (d1 + d»), which realizes
nonlimited central differences. In the case of, e.g., discontinuous initial data, the
van Leer limiter

dq| do + |da| dy
]7 (vanLeer) d ,d _ ‘ 1
( ) ¥ ( 1 2) ‘d1| + ‘d2|

is used. The discrete gradient of W is denoted by éW = (6, W, 6, ).
The update for U;* uses the conservative intercell flux formulation

9 o= v g (P () - P (L),

where the values which enter the numerical flux function are the reconstructed values
given by

— Az + Az
(89) Wi = Witk 5 (6W), W = Wi = 5 (60,

There are many options for the numerical flux function F (W, Wg). Apart from stan-
dard choices the dissertation [8] investigated Roe solvers for higher moment methods.
Approximate Riemann solvers are difficult to construct in the present case due to the
thread of possible loss of hyperbolicity. However, the numerical diffusion is minimal
in those solvers. Here we use the HLL approximate Riemann solvers from [12] which
require only flux evaluations and a fastest wave speed. This flux also offers an efficient
way to incorporate the dissipative fluxes.
For completeness, we present the HLL flux given by

(90)
FHEL (W, Wg) = MF(O) (W) + 1_Ta(o)F(O) (Wr) + oy (U(Wg) =U (W)
with
(91) RO |)‘R|, o — PLIAR = [AR[ AL
AL — A\r AL — AR
We use A\r = vg(ER) + cl(jﬁ)x and \p, = vg(gL) — cffgx as maximal characteristic speeds to

the right and to the left, respectively. In principle these values need to be calculated
from (41). A maximal speed is given by Apax = max (Ar, Ag).
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