Chapter 5 Problem 5.1 1/2

The discharge of the lead-acid battery proceeds through a dissolution/precipitation reaction. These two reactions for
the negative electrode are

Pb — Pb* +2e7, dissolution
and Pb** +SO% — PbSO, . precipitation

A key feature is that lead dissolves from one portion of the electrode but precipitates at another nearby spot. The
solubility of Pb®" is quite low, around 2 g-m™. How then can high currents be achieved in the lead-acid battery?

a. Assume that the dissolution and precipitation locations are separated by a distance of 1mm with a planar
geometry. Using a diffusivity of 10° m%s for the lead ions, estimate the maximum current that can be
achieved.

b. Rather than two planar electrodes, imagine a porous electrode that is also 1mm thick with made from
particles with a radius 10 um packed together with a void volume of 0.5. What is the maximum superficial
current here based on the pore diameter?

¢.  What do these results suggest about the distribution of precipitates in the electrodes?

a)
N _ D Ac  DAp
T LM
. D Ap -
LUim = nFpr2+ =nF Zﬁ = (2)(96485) 10_3 m
ijim = 1.9 X 1073A m~2
b) For a spherical particle
3(1—-c¢ 3(0.5
a= ( ) _ 3 )=1.5><105m‘1

r 1075
DAc

I =alnF — =42 Am™?
2r

c) It is important that the current distribution be uniform through the thickness of the electrode to
maximize the utilization of reactants. If the distribution were highly skewed to the front of the
electrode, the pores may close, isolating the back of the electrode.
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Chapter 5 Problem 5.2 1/1

A porous electrode is made from solid material with an intrinsic density of ps. When particles of this material are
combined to form an electrode, it has an apparent density of p,. What is the relationship between these two densities
and the porosity? Assuming the particles are spherical with a diameter of 5.0 um, what is the specific interfacial
area? If the electrode made from particles with a density of 2,100 kg-m~is 1 mm thick and has an apparent density
of 1,260 kg-m™, by what factor has the area increased compared to the superficial area?

a)
_ mass _ mass
Pa = total volume Vsotia + Vooid
Ps
Pa=7Tg, ——=ps(1—-¢)
1+%/1- ¢
b)
6(1—¢ 6(1-04
a= ( )= ( )=7.2><105m_1

D 5x10-°

c) The surface area A is given by

A= Ala

A
1= La = (1073)7.2 x 10° = 720
S
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Chapter 5 Problem 5.3 1/1

Calculate pressure required to force water through hydrophobic gas diffusion layer of PEM fuel cell. The contact
angle is 140 degrees and the average pore diameter is 20 um. Use 0.0627 [N/m] for the surface tension of water.

2y cos@ 2(0.0627) cos(140)
De = " = X 10-6 = —4803 Pa

the capillary pressure is the pressure of the non-wetting phase minus the pressure of the wetting
phases

Pc = Pnw — Pw

Therefore, the pressure of the water is

(=) — 4803 Pa

or 4803 Pa above the gas pressure.
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Chapter 5 Problem 5.4 1/1

The separator of a phosphoric acid fuel cell is comprised of micron and sub-micron sized particles of SiC. Capillary
forces hold the liquid acid in the interstitial spaces between particles, and this matrix provides the barrier between
hydrogen and oxygen. What differential gas pressure across the matrix can be withstood? Assume an average pore
size of 1 um, and use a surface tension of 70 mN-m™, a contact angle of 10 degrees.

_ 2ycos®  2(0.07) cos(10)

- T 1o-e = 138kPa

Pc

The differential pressure (gas over liquid) must be greater than 138 kPa to force the gas across
the separator.
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Chapter 5 Problem 5.5 1/1

The separator used in a commercial battery is a porous polymer film with a ["Number of | Measured

porosity of 0.39. A series of electrical resistance measurements are made with layers resistance. O
various numbers of separators filled with electrolyte stacked together. These 1 1_91'
data are shown in the table. The thickness of each film is 25 um, the area 2 341
2x10™* m?, and the conductivity of the electrolyte is 0.78 S/m. Calculate the 3 t17
tortuosity. Why would it be beneficial to measure the resistances with 7 6.65
increasing numbers of layers rather than just a single point? 5 7'79
R nlLt
7 Axe

number of separator films
thickness of each film

conductivity of the electrolyte
porosity

tortuosity

area

>N M R TS

Plot the resistance versus the number of separator films, then fit line to the data. The slope is

dRQ_LT_l
dn_KAs_Sope
or
_ g KeA
T = slope I

The slope is 1.4992, and therefore the tortuosity is 3.7.

T=37

The resistance does not go to zero when n=0 [,
because there is some additional resistance in series. - Y- 1.4992x+ 04886
This may be some contact resistance, but by using | rmoees ¢
the slope of the line the effect is eliminated. 7.00 _ pod
+ Seriesl
6.00 Linear (Series1) ) ’
5.00 ‘
4.00 ;
&
3.00 -
2.00 ’II.'
1.00
0.00
0 1 2 3 4 5 3]
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Chapter 5 Problem 5.6 1/1

To reach the cathode of a proton exchange membrane fuel cell, oxygen must diffuse through a porous substrate.
Normally, the porosity (volume fraction available for the gas) is 0.7 and the limiting current is 3000 A-m™.
However, liquid water is produced at the cathode with the reduction of oxygen. If this water is not removed
efficiently, the pores can fill up with water, and the performance decreases dramatically. Use the Bruggeman
relationship to estimate the change in limiting current when, because of the build-up of water, only 0.4, and 0.1
volume fraction are available for gas transport.

) < 1.5
ijim = 3000 (?)
(0]

£=0.4 ijim = 1300 A m™2

¢=0.1 ilim =160 A m_z
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Chapter 5 Problem 5.7 1/1

Calendering of an electrode is a finishing process used to smooth a surface and to ensure good contact between
particles of active material. The electrode is passed under rollers at high pressures. If the initial thickness and
porosity were 30 um and 0.3, what is the new void fraction if the electrode is calendared to a thickness of 25 um?
What effect would this have on transport?

The mass of solids is unchanged
ml = mz
p1(1 — &)L1A; = p,(1 — &)L, 4,

There is no change in area, and the solids don’t compress, therefore

L
82 = 1_L_1(1_81)
2

30
& =1 _ﬁ(l —0.3) =0.16

Electronic conductivity will likely get better because of better contact between particles. The
effective conductivity and effective diffusion coefficient will be reduced because of lower
porosity and a more tortuous path.
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Chapter 5 Problem 5.8 1/1

For a cell where o>>x, the reaction proceeds as a sharp front through the porous electrode. Material near the front of
the electrode is consumed before the reaction proceeds toward the back of the electrode. This situation is shown in
the figure, L is the thickness of the separator, L. the thickness of the electrode, and x; is the amount of reacted
material.
a. If the cell is discharged at a constant rate, show how the distance x, depends on time, porosity, and the
capacity of the electrode, q, expressed in C/m®.
b. What is the internal resistance? Use « and x for the effective conductivity of the separator and electrode
respectively.
c. If the cell is ohmically limited, what is the potential during the discharge?

a) The current, |, is a constant.
coulombs past = iAt

The capacity of the electrode can also be expressed in coulombs. Let ¢be the void fraction and g
the capacity per volume
coulombs past = Ax,(1 — €)q

iAt = Ax, (1 — &)q

SO
it
X, = ——
" (1-e)q
b)
internal resistance = resistance of separator + resistance of electrodes
LS xT‘
Ripe =—+—
int Ks K
substituting for X;.
R Lg N it
me ks (1—e)gr
c)
Ly x
V=U=iRjy = U—l{—5+l»
Ks K

(L it
V= U—l{—-i——}
KS
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Chapter 5 Problem 5.9 1/2

For Tafel kinetics and a one-dimensional geometry an analytic solution is also possible analogous to the one
developed for linear kinetics. The solution is presented below for a cathodic process.

i X
L =20tan| 6——v |,
| ( L V/j

H 2
and a, _1 Zisec2 91—1// ,
dx L| & L
where
200 £
tanf=———-—— tany =—
40° —g(5-¢) V=20
aFIL(1 1 aFIL 1
0= —+— &= —
RT \k o RT «

a. Make two plots of the dimensionless current distribution (derivative of i,) for Tafel kinetics: one with K,=0.1 and
the second with K;=1.0. § is a parameter, use values of 1, 3, and 10.
Hint: it may be numerically easier to first find the value of 6 that corresponds to the desired value for 8.

b. Compare and contrast the results in part (a) with Figure 5.6 and 5.7 for linear kinetics.

a) compare the above expressions for 6 and ¢

tan 6 266
anov =
402 — (5 — ¢)

Find values of 6 that correspond to the desired o.

5 T T T T 5
= af % 4|
3 2 : K=1
= H £ [ !
o 3 - - I
§ ; K=0.1 1 é_‘ 3_
S ] g
g | g e
o] r =
a H L -

'L ] b4

(0] 0.2 0.4 0.6 0.8

dimensionless distance
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Chapter 5 Problem 5.9 1/2

The curves look very similar to those for linear kinetics, Figures 5.6 and 5.7. The parameter 9,
which is proportional to I/A is replaced by v, which is proportional to ai,. For Tafel kinetics,
the distribution becomes more non-uniform as the current is increased.
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Chapter 5

Problem 5.10

1/2

The two parameters that describe the current distribution in a porous electrode with linear kinetics in the absence of

concentration gradients are

VvV =

, al, (aa +a, )FL2

RT

(£+£j and K, _K
K o o

a. How can the parameter 1/ be described physically?

di
b. For the following conditions sketch out the current distribution d—zacross the electrode

X
=1 ]/2>>1
=1 V<<l
1 V>>1

The parameter v? is much like the Wagner number.
_aig(ag + a)FL? (1 1)

large  values of v?
correspond to small Wa,
which leads to a non-
uniform distribution

small ~ values of v?
correspond to large Wa,
which suggests a uniform
distribution

VZ

derivative of current density

Wa

1 _ io(ag + a.)FL (1)

RT K o

RT K

ohmic resistance

kinetic resistance

20—
151

10

K=1, v*>>1
K,=0.01, V*>>1

K.=1, V<<1

ol A

0

0.2 04 0.6 0.8

dimensionless distance from back of electrode
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Chapter 5 Problem 5.11 1/1

Problem 5.9 provides the solution for the current distribution in a porous electrode with Tafel kinetics in the absence
of concentration gradients. Describe the physical parameters? Compare and contrast these results to the analysis that
lead to the Wa for Tafel kinetics found in Chapter 4.

Consider the cathodic case (the anodic situation is similar). There are two parameters

L _aF(/pL (1)

RT K

5 = aCF(I/A)L(l+l>
B RT K O
Compare these to the Wa, Equation 4-65.

1 _aCF|ian|L 1
Wa  RT (E)

By inspection & is very similar to the reciprocal of the Wa.

ohmic resistance

kinetic resistance

small & results in a uniform current distribution

large & results in a non-uniform distribution

Analysis of porous electrodes includes both the solution (1/x) and the solid (1/c) resistances, and
thus a second parameter is needed. ¢ is used. If € and & are compared.

§=(1+K,)e

where K, = ¥/5. So either K, or o is the second parameter that affects whether the distribution
is skewed to the front or to the back of the electrode, which is similar to the linear kinetics case.
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Chapter 5 Problem 5.12

On the right is shown the current distribution in a porous electrode for
Tafel kinetics. 6=100 and K, is a parameter. As expected, for such a
large value of &, the current is highly non-uniform. Further, for the
values of K, chosen, the reaction is concentrated near the back of the
electrode. Here, the scale of the ordinate has been selected to
emphasize the behavior at the front of the electrode. Note, that in all
cases rather than getting ever smaller at the front of the electrode, the
derivative of current density always goes through a minimum and is
increasing at the current collector. Physically explain this behavior.

For large values of K, (K, =¥/5) the reaction is
concentrated in the back of the electrode. As is shown in
the figure, for a finite K, the reaction rate always
increases at the front of the electrode rather than going to
zero. Further, the increase becomes larger as K, gets

Derivative of current density

(]
[

L

smaller. This behavior can be understood by examining the
solution and metal potentials (¢, and ¢,) across the electrode.

Start by assuming that all of the reaction is at the back of the

electrode.

Front

3=100

30
0 0.2 0.4 0.6
dimensionless distance

1/1

Slope exagerated

$2

1

—

L
2 N

1

I

For large Kr

As Kr gets smaller,
some ohmic drop in
solution

I

X/L

x/L

Because of the ohmic drop through the electrolyte, the potential at the front of the electrode

increases as x decreases,

V . iz o< exp(¢2_¢1)

Thus, we see an exponential increase in current density in the front of the electrode.
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Chapter 5 Problem 5.13 1/1

An electrode is produced with a thickness of 1 mm, k=10 S-m™ and 6=100 S-m™. The reaction follows linear
kinetics, i,= 2 A-m™and the specific interfacial area is 10* m™. It is proposed to use the same electrode for a second
reaction where the exchange current density is much larger, 100 A-m. What would be the result of using this same
electrode? What changes would you propose?

As produced the electrode has a 5

relatively  uniform  current
distribution. If the reaction has
a higher  exchange-current

4
density, the current distribution K,=0.1
becomes more non-uniform (see

plot). In this case, the middle of 5

the electrode is not being used.

Options to improve the current
distribution are

Derivative of current density

N ooy

e reduce a, use larger -]
particles, which may be 10=2 1
cheaper too. 1 N -

e reduce the thickness of ™ icmessreduced by factor of 4 ]
the electrode. 1

If the thickness is reduced by a 0 w w w |
factor of four, the current 0 0.2 04 06 0.8
distribution  approaches the Dimensionless distance from current collector

original design.
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Chapter 5 Problem 5.14 1/1

The exchange current density i, does not appear in the solution for the current distribution for Tafel kinetics (see
how ¢ is defined in problem 9). Why not?

The situation is analogous to the Wa for Tafel kinetics described in Chapter 4.

1 acF|iavg|L
Wa  RTk
. acF(I/A)L
= T RTk

Instead of the average current density, the superficial current density is used. With Tafel
kinetics, the charge-transfer resistance decreases with increasing current. Whereas for linear
Kinetics it is proportional to 1/i,.
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Chapter 5 Problem 5.15 1/1

Rather than the profile shown in Figure 5-7, one might expect that for the case where c=x, that the distribution
would be uniform and not just symmetric. Show that this cannot be correct. Start by assuming that the profile is
uniform; then sketch how i, and i, vary across the electrode. Then sketch the potentials and identify the
inconsistency.

Start by assuming that the current distribution is
uniform.

Applying Ohm’s law

i, = —K%
2 dx
1 dx

LA L
I 2
P10 = —é(x _;‘_L>
similarly
I 2
$2(x) = 5(0) —%;‘—L
I/A xz
Ns = $1(6) = d2(x) —U = $,(0) - ==
if k=0

1 2 2
ns = (’/A);(’ZC—L—H;—L) = ¢2(0) - U

For the current distribution to be uniform, the surface over potential must be constant, we see
however, that n, is not a constant. Therefore our original assumption of a uniform current
distribution is incorrect.
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Chapter 5 Problem 5.16 1/1

Repeat illustration 5-3 for a more conductive electrolyte, k=100 S/m. If it is desired to keep the reaction rate at the
back of the electrode no less than 40 % of the front, what is the maximum thickness of the electrode? Additional
kinetic data are @,= o =0.5, i,=100 Am?, a=10" m™. Using the thickness calculated, plot the current distribution
for solutions with the following conductivities, 100, 10, 1, and 0.1 S/m.

Use equation 5-41

1

04= cosh(v)

solve for L from the definition for v?, Equation 5.31

aip,(ag+as)FL? (1 1
Vz o\Uqg [ (—+—)

RT o K (5-31)

L =2.5mm
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Chapter 5 Problem 5.17 1/2

Consider a similar problem to the flooded agglomerate model developed in Section 5.6, except that now a film of
electrolyte covers the agglomerate to a depth of 5. Find the expression for the rate of oxygen transport that would
replace equation 5-50.

Without the film present,
D,-rH
No, = %p(’z (1 — KcothK)
14

With the film, let c; be the oxygen concentration at the interface between the agglomerate and
the film,

Derec
No, = —ZL2(1 - KcothK)
p

_ (Hpoz B Ci)D

No, 5 r

where Dy is the diffusivity of the film and 6 the film thickness.

Ci Is expressed as

c = Nozrp
! Deff(l - KCOthK)

which is substituted back into the film equation

No T Df
No, = |Hpo, — P =
0> = |"P0. T p (1 — KcothK) | 8
or
D
Hpozjf
No, = F) N "
D
=L (1 - KcothK)Hpo,
N02 = P

1 +W(1 — KcothK)
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Chapter 5 Problem 5.18 1/2

Derive the expression for the effectiveness factor, equation 5-53. What is the expression for a slab rather than a
sphere?

actual reaction rate

" = Teaction rate if entire particle
at 02 concentration at surface
Hpo, D
(4nr2) 2P0, Teff (KcothK — 1)
n= i

D
(4/37Trp3) K?Hpo, eff/rpz‘

3(KcothK — 1)

n
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Chapter 5 Problem 5.19 1/2

A porous flow-through electrode was examined in Chapter 4 for the reduction of bromine in a Zn-Br battery.
Br, +2e” — 2Br~

The electrode is 0.1 m in length with a porosity of 0.55. What is the maximum superficial velocity that can be used
on a 10 mM Br; solution if the exit concentration is limited to 0.1 mM? Use the following mass-transfer correlation.

Sh =1.29Re""

The Re is based on the diameter of the carbon particles, d, and the superficial velocity, that make up the porous
electrode.

Dg,, =6.8x107"m?/s d, =40 um v=9.0x10"m?/s

¢, = cipexp(—al)

ak,
a =

A

for a spherical particle, a= Di(l — &) =67500m™?
14
¢, =01mM ¢;;, =10 mM
L is 0.1m, solve for alpha
a=46.05m™?!

then solve for the mass-transfer coefficient

k., =549%x10°ms?!

k.D
Sh = 1.29Re%72 = =2 = 323
Brz

ev, D
e ="T”p= 3.575

v =¢v, =0.08ms™?!
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Chapter 5 Problem 5.20 1/2

Derive equation 5-42. Start with equation 5-36.

The resistance is defined as

_ $1(L) — ¢2(0)

Rint -
I/A
Ky sinh(vz)+K,sinh(v(z-1))
b= 1+K; + (1+K,)sinh(v) ' (5-36)

y=x/L, a dimensionless distance
We can write Equation 5-36 as

G/ oY e
i = (1/A)k {1_'_ /icSinh(v(1-y)) smh(vy)}.

o+k sinh(v)

also from Ohm’s law
de, B kdo,

RrT L dy

i, =

j¢2(1)d¢2 _ (I/A)K£f1 {1 N 0/ sinh(v(1 —y)) — sinh(vy)}d

o+K K sinh(v)

(/AL

1
P, (1) = _O'_-I-K{ m [0/, cosh(v — 1) — cosh(v) + 1]}

For linear kinetics

di, ai, F
dx == RT (ag + ac)(pr — @)

Also, because charge is conserved
di, _ di,
dx dx

—di;  (I/A) vk
dx L o+k

{9/ cosh(v(1 — y)) + cosh(vy)}

since
ai, F
RT

vZ = (a, + a,) L?
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Chapter 5 Problem 5.20 1/2

-1

—di;, v/ 1
o t,) @9
solve for ¢p; — ¢, at y=1,
/AR 1L vk 1 (o
(¢ = ¢2) = V2 (E E) L (0 + k) sinh(v) [E * coshv]

(2)*

(0 + k) {1 T sinh(v)

L

vsinh(v) (o + k)

P, (y=1) = [9/, cosh(v — 1) — cosh(v) + 1]} —

(14+%/5)(% /i + coshv)

L 2+(0+KJcoshv
R = 1+ kK o

" otk vsinhy

(5-42)
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Chapter 5 Problem 5.21 1/1

Rearrange equation 5-57 to provide a design equation for a flow-through reactor operating at limiting current.
Specifically, provide an explicit expression for L, the length of the reactor, in terms of flow rate, mass-transfer
coefficient, and the desired separation

Cqp = CA,inexp(_ax)

ak,
a =
V€
Cy ak
In = —qx =—
CA,in Vi€

For length L, and ca, the desired outlet concentration

VyE  Cain Vg€ .
L = =—In=2 = Z_In(separation factor)
ak, ¢y ak,
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Chapter 5 Problem 5.22

A direct method of removing heavy metals, such as Ni**, from a waste
stream is the electrochemical deposition of the metal on a particulate bed.
goal is to achieve as low concentration of Ni at the exit for as high a flow
as possible. A flow-through configuration is proposed. However, here
the negative electrode is porous, and the counter electrode (+) is a simple
sheet. Would you recommend placing the counter electrode upstream
downstream of the working electrode? Why? For this analysis assume
o>>k, and that the reaction at the electrode is mass-transfer limited. Hint:
develop an expression for the change in solution potential similar to
equation 5-63.

1/1

fluid flow fluid flow

The
rate
A only
I current  metal

: and

I current
|
|
+

(upstream) (downstream)

If the reaction is mass-transfer limited, the concentration profile is the same regardless of where

the counter electrode is places.
Ca = Cainexp(—ax)

The current density in solution is different

upstream, the current density is zero at x=L

i = nFvyecy i (exp(—ax) — exp(—al))

downstream, the current density is zero at x=0

i, = anxscA,l-n(l — exp(—ax))

Using Ohm’s law

substitute for i, and integrate to find the potential difference

for the upstream placement, we get Equation 5.63

. nF(VxE)ZCA,in p

Ap, = —————— = —
¢2 Keffakc a

In contrast for downstream placement

Ap, = B|-L + % (exp(—aL) — 1)

For large L,

_ B
Ap, = —pL T

There is an additional term proportional to L. As we try to achieve higher separation by making
the electrode larger, the potential difference increases. Thus, upstream placement is preferred.
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